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Abstract

Learning is one of the most important useful features of artificial neural networks. In engi-
neering applications, neural network learning is used widely to capture relationships between
sets of data when input-output examples are available and a mathematical representation of
the relationship is not available in advance. Networks which have “learned” are then capable
of “generalization”. Spiked recurrent neural networks with “multiple classes” of signals have
been recently introduced (Gelenbe and Fourneau 1999), as an extension of the recurrent
spiked random neural network introduced by Gelenbe (1989, 1993). These new networks
can represent interconnected neurons which simultaneously process multiple streams of data
such as the color information of images, or networks which simultaneously process streams
of data from multiple sensors. This paper introduces a learning algorithm which applies
both to recurrent and feedforward multiple signal class random neural networks (MCRNN).
It is based on gradient descent optimization of a cost function. The algorithm exploits the
analytical properties of the MCRNN and requires the solution of a system of nC' linear and
nC non-linear equations (where C is the number of signal classes and n is the number of
neurons) each time the network learns a new input-output pair. Thus the algorithm is of
O([nC7?) complexity for the recurrent case, and O([nC)?) for a feedforward MCRNN. Finally
we apply this learning algorithm to color texture modeling (learning), based on learning the
weights of a recurrent network directly from the color texture image. The same trained re-
current network is then used to generate a synthetic texture that imitates the original. This
approach is illustrated with various synthetic and natural textures.

Keywords: Learning, Recurrent networks, Neural networks, Random Neural Network
(RNN), Multiple Class RNN, Color Image Textures.

1 INTRODUCTION

The human brain is a massive, parallel, natural computer composed of some 10'" neurons. Each
biological neuron is a complex analog processor. Computational neurobiologists are interested
in very detailed computer models of neurons, while the artificial neural network community
is more interested in the general properties of simplified and tractable artificial neural nets.
Thus relatively simple models are used in neural computation. Artificial neural networks have
gained popularity due to their success in diverse applications. They are capable of capturing
underlying numerical or logical relationships on the basis of examples which are given to them.
Many artificial neural network models have been developed and “backpropagation” [34, 38] is



a well-known algorithm used to train feedforward multilayer perceptron networks. A recurrent
network on the other hand, has an underlying signal flow graph which contains cycles. Although
learning in recurrent networks is less well known, extensions of backpropagation to recurrent
networks has been discussed by several authors [35, 36, 7, 37, 18].

The RNN [15, 16, 18] is a a spiked recurrent stochastic model which differs substantially
from standard models [2, 7, 35, 36, 37, 38]. It possesses attractive analytical properties [18, 23]
such as “product form” and the existence and uniqueness of the network’s steady-state solution.
It has been used to solve engineering problems from diverse areas such as image and video
compression [11, 20], pattern recognition [6], texture modeling [4, 5], associative memory [17],
and combinatorial optimization [22, 25, 26]. The RNN represents more closely the manner in
which signals are transmitted in many biological neural networks where they travel as spikes
[32], rather than as fixed analog signals.

The RNN is easy to simulate, since each neuron is represented by a counter, which counts
inhibitory spikes downwards (-1) and excitatory spikes upwards (+1), and can therefore lead
to a simple hardware implementation [1]. Furthermore, the RNN model represents neuron
potential as an integer, rather than as a binary variable, which leads to a more detailed state
representation. For instance, in the RNN the “average potential” of individual neurons (which
takes values in [0, oo]) may also be used as the significant output variable of a neuron, rather
than just the binary neuron state (on or off), or the value of neuron state represented by a real
number in the interval [0,1].

In [19] we use a “single class” RNN to classify grey level textures in Magnetic Resonance
(MR) images of the human brain. The purpose of that work was to measure accurately the size
of different brain areas in a human subject by being able to discriminate between these areas
via their texture as represented in a MR image. The approach consists of learning the weights
of a recurrent RNN which is associated with the texture of a particular area of the brain (e.g.
grey matter), and then uses the trained network to discriminate between pixels for that area and
other pixels in the MR image. The technique presented in [19] is used to discriminate between
different brain areas with different texture types with a high degree of accuracy.

The MCRNN model was proposed by Gelenbe and Fourneau [21] as a generalization of the
RNN model, in order to develop a mathematical framework to represent networks which simulta-
neously process information of different types. Thus, spikes belonging to different “classes” may
represent different frequencies in a sound-processing network, or different colors in an image-
processing network, or the inputs from different sensors in a multi-sensory system. Because this
is a spiked model based on the rates at which spikes arrive into the network and on the rate with
which spikes are exchanged between neurons, the network inputs themselves are spike trains.
In the MCRNN only excitatory spikes belong to multiple signal classes, while inhibitory spikes
will belong to a single class.

This paper presents a learning algorithm which applies both to recurrent and feedforward
MCRNNSs. It is based on gradient descent optimization of a cost function. The algorithm
exploits the analytical properties of the MCRNN and requires the solution of a system of nC
linear and nC non-linear equations (where C is the number of signal classes and n is the number
of neurons) each time the network learns a new input-output pair. Thus the algorithm is of
O([nC]?) complexity for the recurrent case, and O([nC]?) for a feedforward MCRNN. This
algorithm differs from the RNN learning algorithm in a significant manner

In Section 4 we apply this learning algorithm to color texture modeling (learning). This
example is chosen because it provides a visible representation of how the learning algorithm
can be applied. The MCRNN learning algorithm takes into account the interactions between



the different colors in the texture, and this could not have been handled directly by using our
previous “single class” RNN algorithm which could have been used to learn the texture for
each color separately. based on learning the weights of a recurrent network directly from the
color texture image. The same trained recurrent network is then used to generate a synthetic
texture that imitates the original. This approach is illustrated with various synthetic and natural
textures.

The organization of this paper is as follows. Section 2 describes the MCRNN; its learning
algorithm is presented in Section 3. An example application to the learning of color image
textures is given in Section 4.

2 The Mathematical Model

Consider a multiple class random neural model as presented in [21], consisting of n neurons. The
state of the ¢ — th neuron is represented by the vector k; = (kj1, -..., kic'), where k;. is defined as
the potential of class ¢ at neuron i. Note that each k;. is non-negative.

The total potential of neuron 4 is simply the sum of potentials of each class and is denoted
by k; = Eg’;l kic. The state of the network as a whole is the vector k = (k;,ko, ... ,k,)-

=N

All spikes in this model arrive at random time instants to neurons. When an excitatory
spike arrives, it changes the state of the neuron in a deterministic manner which is simply
determined by the “class” of the spike. When an inhibitory spike arrives, it first selects a class
at random, and then changes the state of the neuron deterministically. Excitatory spikes are
class dependent, while inhibitory spikes are not class dependent. Although it would have been
nice to have inhibitory class dependent spikes, in our earlier work [21] we were unable to extend
the analytical treatement detailed in Theorem 1 to the more general case of negative spikes
belonging to multiple classes. State transitions in the model occur because of the following
events:

1. Excitatory or inhibitory spikes from the “outside world” (exogenous spike arrival) arrive
to a neuron,

2. A neuron fires and sends excitatory or inhibitory spikes to some other neuron,

3. A neuron fires and sends spikes to the “outside world” rather than to some other neuron.

These events are detailed below in the same order:

1. A neuron i in the network can receive exogenous (i.e. external) excitatory signals of class
¢ in independent Poisson arrival streams of rate A(7,c). When it receives an excitatory signal
of class ¢, the potential of class ¢ of neuron i denoted (k;.) will be increased by one and take
the new value (k;c) + 1. A neuron 7 may also receive exogenous inhibitory spikes in the form
of a Poisson arrival process of rate A(7). Note that these inhibitory spikes do not have class
designation.

2. When an excitatory spike of class ¢ arrives from neuron ¢ to neuron j in class &, the potential
kic of class ¢ at neuron ¢ will be decreased by one becoming k;. — 1, while the potential of class
¢ of neuron j will be increased by one to kjc + 1. When an inhibitory spike arrives from neuron
i in class ¢ to neuron j, if k; is positive then it will become k; — 1, and the potential of some



class ¢ at neuron j will be reduced by 1 with probability %, becoming kje — 1. Note that if
kic =0 and k; > 0, the class ¢ potential will not be affected, but some other potential at this
neuron may be affected with the corresponding probability.

3. Finally, a neuron ¢ may fire a spike of class ¢ which then leaves the network (i.e. it does
not go to some other neuron). In this case, only the potential k;. of class ¢ at neuron i will be
decreased by one becoming k;. —1 while no other neuron’s potential will be affected by the event.

Every neuron whose potential is positive (k; > 0) has exponentially distributed random
firing times depending on the signal class. The rate at which some neuron 7 will fire and emit a
spike of class ¢ is (i, c) %”, where %ﬂ is the probability that firing will result in the emission of
a spike of class ¢ due to the relative strength of the class ¢ potential, and (7, ¢) is the firing rate
of neuron ¢ for class c¢. If k; = 0 then each k;; = 0, so that no firing will occur. When neuron

1 fires a class c¢ spike, the spike travels to some other neuron, or it leaves the network.

We represent the movement of spikes using probabilistic transition matrices. We denote by
P*(i,c;5,€) the probability that the spike goes from neuron : in class ¢ to neuron j in class £, and
that it becomes an excitatory spike at neuron j. Notice that the + sign is used in the subscript
of P*(i,c;j,€) to denote excitation. On the other hand, P~ (i, c;j) denotes the probability that
the spike goes from neuron ¢ in class ¢ to neuron j, and that it becomes an inhibitory spike at
neuron j. Thus inhibitory spikes do not have a “class” designation, while excitatory spikes can
belong to different classes. This is consistent with our earlier statement that only excitatory
spikes belong to multiple signal classes, while inhibitory spikes will belong to a single class.

Since all spikes need to be accounted for, for any (7,c) we will have:
> P(ic4,8) + 3 P (i ¢4) +d(ie) =1, (1)
(4,6) J
where d(i, ¢) is the probability that neuron i fires a spike of class ¢ which is then directed outside

the network rather to some other neuron. In the sequel we will deal with the “network weights”
which are defined as:

wh(i,¢;5,6) = r(i )P (i ¢5,6),
w(i,¢;5) = r(i,c)P™(i,67),
and we designate the corresponding weight matrices by W+ and W~ . These weights correspond
to rates of arrival of excitatory and inhibitory spikes from some neuron 7 to some other neuron

¢.

Following [21], we use the following notation to describe the states of the model:

k+eje = (Kiyon (Bj1s o kje + 1,y ki), - Ky

kt+eie = (ki (kit, s kic + 1,0, ki), - k)
k + € — €jie = (kla ceey (kﬂ, ceey kic + 1, ey kiC); oy (k'jla ceey kj§ - 1, ceey ij); kn)
kteicteje = (Kiyo (Bity oo Kic + 1y ooy ki) ooy (K1 ooos Kje + 1y oo Kj0), ki)

Let p(k,t) denote the probability that at time ¢ the network is in state k. From the preceding
discussion, the global time dependent behaviour of the model (see [21]) can be described by
a system of Chapman-Kolmogorov equations (see for instance Feller (1971) [14]) which the
probability distribution p(k, ¢t) must satisfy the following equations:
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(i) ki +
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2.1 Analytical Results for Steady-State

The Chapman-Kolmogorov equations (2) for the network model are a countably infinite system
of ordinary differential equations, with one equation for each state k of the network. Since
the value of the potential of any neuron is unbounded, we have an infinite number of equations.
Fortunately, the network has an elegant stationary (steady-state) solution, as summarized below.
Let

p(k) = lim p(k, ) (3)
be the stationary probability distribution of network state, if it exists. From [21] we have:

Theorem 1 (Gelenbe and Fourneau 1999) Consider the following system of equations for
At(i,¢), A (i), 1 <i<n,1<c<C, which represent the total average arrival rates of positive
and negative signals to each neuron:

Z QJﬁr .7 f ],i,Z,C) + A(Z C) (4)
(J,E)
= > qier(5,p™ (4, &11) + A(d), ()
(4,6)

and consider the following quantities:
At (i, c)
o= 7\ 6
tie r(i,¢) + A= (4) (6)

If the ¢;c <1 foralli=1,..,n and ¢ = 1,...,C, then stationary probability distribution p(k)
exists and is given by:

p(k) I{k'GHlQIzC']’ (7)

where the G;, ¢ =1, ... ,n are appropriate normalizing constants.

Notice that (4), (5), and (6) are a system of non-linear algebraic equations whose solution
will yield the quantities g(i,c); once these are obtained all relevant firing rates, moments etc.



related to the model can be obtained. Because the underlying model is described by Chapman-
Kolmogorov equations, whenever there is a solution, it is necessarily unique and is therefore
given by the above product form formula, as shown in [21].

For notational convenience let us write

wt(4,&4,¢) = (5, €)p(5,&4,¢) >0,
w™(4,&1) = 7(4,8)p™ (4,&1) >0,
N(’i,C) = Z Qjﬁw—l—(ja&;iac) + A(’i,C),
(4,€)
D(i,c) =r(i,c) + Y gjew™ (§, &) + A(i).
(5,€)

Then (6) becomes

Qic = D(’i, C) (8)
and
r(i,e) =Y wh (6,65, + Y w (i,¢j). (9)
(4,6) J

2.2 Existence and Uniqueness of Network Solutions

As with most neural network models, the signal flow equations (4), (5), and (6), which relate
the probability that neuron % is excited to the flow of inhibitory or excitatory signals, and to
the neuron firing rates, are non-linear. These equations are essential to the construction of
the learning algorithm described above. In this section we recall the necessary and sufficient
conditions for the existence of the solutions to these equations as proved in [21].

Let us write the equations for A*(i,¢), A™(7), 1 <i < n, 1 < ¢ < C, in the following manner:

Nl = X PG &G P A
. o AT (4,¢) .
A7(1) = P (5,&0)r(4,6) ———"—= + A4 10
() = X P GEIGO s +A) (10)
(4,6)
Now define the following vectors:
e A1 with elements AT (i, ¢),
e )\~ with elements A7 (%),
e A with elements A(z, ),
e )\ with elements (i),
and let F be the diagonal matrix with elements f;. = % < 1. Then (10) may be written
as:
AT(I - FPT) = A, (11)
AT =_FP™ + ) (12)



In Gelenbe and Fourneau 1999 [21] it is shown that quations (11), (12) always have an unique
solution. If this solution results in a fixed-point y* such that A\*(i,¢) > [r(¢) + A~ (4)], then the
stationary solution for class ¢ of neuron i does not exist and we set g;.(y*) = 1. If we obtain
At(i,e) < [r(i) + A~ (%)], then we set

At (i, ¢)
()= —271 7 13
The stationary solution p(k) > 0 for all k of the network exists if g;c(y*) < 1 for c=1, ..., C and
i=1, ..., n.

3 The Learning Algorithm

The central purpose of this paper is to present a gradient based algorithm for selecting the
weights of a recurrent MCRNN, so that we may select a set of weights W so as to best “match”
a given set of K input-output pairs in a manner which is mathematically meaningful.

The k—th input will be the arrival rates of excitatory and inhibitory signals to the n neurons
for each class of signals (Ag, Ax). Recall that in the MCRNN only excitatory spikes belong to
multiple signal classes, while inhibitory spikes will belong to a single class. Thus the k —th input
is:

Ar = (A1 (), oo A1 (B), oy Ain (B)s ooy Acn (K))
Ak = (A(k), s An(K)),

The corresponding desired outputs will be specified in terms of neurons and classes. Thus the
k — th desired output is a vector:

Ye = (yll(k)’ "'1ylc(k)’ =1 Ynl (k)7 0y ynC(k);

where each element y;.(k) is a real number. The network weights are then selected to approxi-
mate the desired output vector yj for the k — th input ¢, = (Ag, Ag) so as to minimize a “cost”
or “error” function which we denote by Ey. Let fi.(z) be some function of the real variable z,
defined for z € [0,1). Assume that it is differentiable. The cost function we consider is of the
form: )
By =5 > aiclficlah) — vie(k))?, (14)
(i,c)
where the a;. > 0 are constants we use to provide greater or lesser importance to the different
neurons and classes in the cost function, and g;.(k) is the stationary state of neuron 7 in class
¢ when the k — th input ¢, = (Ag, Ag) is applied to the network. Note that any neuron in the
recurrent network may contribute to the cost function, so that we do not limit ourselves to a
particular set of output neurons. Obviously, we can limit ourselves to certain output neurons in
the cost function simply by setting certain coeffients a;. to zero. Another point that needs to
be made is that the quadratic form of Ej in (14) is not needed; any differentiable form can also
be used, and the extension to that case is straightforward.
Our algorithm lets the network learn both the nC x nC' excitation weight matrix W5 =
{w (i,¢;5,€)} and nC x n inhibition weight matrix W, = w; {(i,¢;j)} by computing for each
input 15, = (Ag, \k), a new value W;" and W, of the weight matrices, using gradient descent.



Clearly, because of the manner in which this model is defined where these weights represent
firing rates, we only have non-negative values of the weights.

The weights are obtained via gradient descent which updates them to seek a local minimum
of the cost function for each successive input, similar to that in the earlier algorithm for the
random neural network model [18]. Note that the algorithm we present is for a general recurrent
network, differing from what is usually found in the literature [38]. The multiple class structure
also requires a distinct mathematical derivation leading to significant differences which need to
be detailed if the algorithm is to be correctly implemented.

Let n > 0 be the learning rate which determines by how much we change the weights at
each step of the algorithm. 7 will denote the “time” step of the algorithm. Then the gradient
algorithm to calculate the successive values of the excitatory weights applied to a cost term Ej
yields:

+ . =wt
wi(u,d;v,e) =w {(u,d;v,e) —n E ic(fic(gic) — Yic(k ))6% Jwt |[w+=w:r_1(u,d;v,e);qiczq;—l(k)] (15)
- Z 9f 9qi
w. (U,d, U) U d 'U —-n Qe fZC qlc le( )) 6qzc 6'(1)12 |[w_:w:_1(u’dW)?(Iic:q:c_l(k)] (16)

where g7, ' (k) is the solution of (6) when the weight values are {w/_, (i, ¢; j,€)} and {w._, (i, ¢; 5)},
and the inputs are ¢, = (Ag, A\g). Notice that in the above expressions:

e o) (k) is first calculated using the input ¢x, and we set the values w (u, d; v, €) = w,_;(u,d;v, e),
and w™ (u,d;v) = w,_;(u,d;v), in (8) from the last step of the gradient descent iteration
for input ¢x_1; thereafter it is recalculated to obtain the successive g] (k) from the input ¢y

and the new values of the successive weights obtained from the gradient descent algorithm.

e The a(?;f ng are evaluated at the values:

wt =wl | (u,d;v,e),
qu = q;—c_l(k)7

and the a‘zf gq—lf are evaluated at:

w™ = w,_y (u,d;v),

Qic = q;—c_l (k) .

Let 1[X] be the indicator function which takes the value one if X is a true statement while
it takes the value 0 if X is false. In order to proceed with the computation of the partial
derivatives, we notice that:

0gic Z 0qic [w+ (Ja &1, C) - Qic'w_(ja &; Z)]
owt (u,d;v,e) owt(u,d;v,e) D(i,c)

—1[(u, d) = (i, )] D(qz?'fc)

1wt (u,d;v,e) = w"'(u,d;i,c)]D(éZ:ic) a7
Dqic _ ¥ 0gic  [wh(5,&4,¢) — qiew™ (4,&;9)]
ow=(u,d;v) T ow~ (u,d;v) D(i,c)



“1[(u, d) = (i, )] e

D(i,c)
1w (u, dsv) = w (u, d; i)] cdud (18)
) 7 ) b D(’L" c)
Let ¢ = (q11, -, q1C+ G215 -+, G2C s -y qnls - qnC ), and define the nCxnC matrix:
+ . i _ . —_ . i
W = [ (]’f’z’%(i Zz)cw (],5,1)]’ fori,j=1,...,nandcé=1,...,C. (19)

We can now write the vector equations:

9q _ 9q
owt(u,d;v,e)  Owt(u,d;v,e)

dq . 0q
ow=(u,d;v)  Ow=(u,d;v)

where the elements of the nC-vectors

W+~ (u,d; v, e)q(u, d)

W+ (u,d;v)q(u, d)

Y (u,dyv, ) =
(v (u, d; v, €), ...,’yf'c (u, d;v, €), 75 (u, d; v, €), ...,’yg'c (u,d;v,e), ...,7:1 (u,d;v,e),..., '7:() (u,d;v,e)),
v (u,d;v) =
(71_1 (ua d; U)a "'771_0("1” d; U)772_1 (ua d; U)a ""72_6’(”’ d; ’U), -"”77:1 (ua d; U)a ""Vn_C’(u’ d; U))

are:

T dive) = —pos if(nd) = (i), (00) £ (5 0)
= Dé 5 wd#G09,0e =G0,
=0 otherwise (20)
Felwdso) = ~pEif(ud) = .00 =1,
- _D(j C) if(u’d):(z.’c)alu#z‘a
= By Hwd#Gv=i
=0 otherwise (21)

This leads to the following simplified representation:

m = 7" (u,d;v,€)q(u, d)[I — W],
S = 7 (wdsoa(w T W], (22)

where I denotes the nC by nC' identity matrix. Thus the main computational effort in solving
(22) is simply to obtain [I — W]~!, which can be done in time complexity O((nc)?). We now
have all the building blocks to specify the learning algorithm for the network:



e Initiate the matrices WO+ and W, in some appropriate manner. This initiation will be
made at random (among non-negative matrices) if no better information is available; in
some cases it may be possible to choose these initial values by using a Hebbian rule, or
some other rule based on some direct approach.

e Choose a value of 7 to be used in the gradient descent algorithm (15) and (16).

1. For each successive value of k, starting with £ = 1 proceed as follows. Set the input
values to v = (Ag, Ag).

2. Solve the system of non-linear equations (8) with these values. The solution can be
obtained with a fixed-point iteration as in [18].

3. Solve the system of linear equations (22) using the results of (2).

4. Using equations (15), (16), and the results of (2) and (3), update the matrices W,
and W, .

5. Repeat Steps (2), (3), and (4) until the change in the cost function or in the new
values of the weights is smaller than some predetermined value.

This section shows that the learning algorithm exploits the analytical properties of the MCRNN,
so that each gradient descent step is reduced to solving a system of nC linear eaquations (where C
is the number of signal classes and n is the number of neurons), which is of complexity O([nC]?)
for the recurrent network. The nC non-linear equations are solved using a fixed-point iteration,
with each iteration being of complexity O([nC]?). Thus the complexity of the algorithm is of
O([nC]?) and reduces to O([nC]?) for a feedforward network. In the following section we present
a significant application to learning and generating image textures.

4 Application of the MCRNN to Learning and Generating Color
Textures

Although there is no exact and generally accepted definition of texture, texture analysis is
considered to be one of the most important subjects in image processing and computer vision.
The task of extracting texture features is crucial for numerous applications, and if one could
model and quantify the process by which the human recognizes texture, one could construct a
highly successful recognition system.

The but texture feature extraction algorithms are often grouped into four classes: statisti-
cal [27], structural [39], spectral [9], and model based [12]. Statistical approaches yield charac-
terizations of textures as smooth, coarse, grainy, and so on using relationship between intensity
values of pixels; measures include the entropy, contrast, and correlation based on the gray level
co-occurrence matrix. Structural algorithms are based on the image primitives; they regard
primitive as the forming element to generate repeating patterns. Spectral techniques are based
on properties of the Fourier spectrum and are used primarily to detect global periodicity in the
image. Model based texture analysis methods are based on the construction of an image model
that can be used not only to describe the texture, but also to synthesize it.

Methods for modeling textures and extracting texture features can be applied in three broad
categories of problems: texture segmentation, texture classification, and texture synthesis. Re-
cently, many artificial neural network (NN) architectures for texture analysis have been proposed
(for example, see [8, 41, 40]). Typically, these architectures either apply a supervised NN model

10



for texture classification or an unsupervised NN model for texture segmentation. However very
little attention has been devoted to training a NN on a certain texture and then using the
trained network to generate a synthetic texture. Markov random fields (MRFs) have been used
extensively to texture synthesis because they are able to capture the local (spatial) contextual
information in a texture, and can generate a similar texture using the extracted parameters.
However, the MRF based operations performed during texture generation are computationally
very costly.

In this Section we apply the MCRNN learning algorithm to the problem of color texture
modeling (learning), and then use the learned MCRNN weights to generate or synthesize a
textuer which is similar to the one that was used for learning. The approach is based on learning
the weights of a recurrent MCRNN directly from the color texture image. The same trained
recurrent network is then used to generate a synthetic texture that imitates the original one.
The proposed texture learning technique is efficient and its computation time is small. Texture
generation is also fast. We have tested our method with different synthetic and natural textures.
The experimental results show that the MCRNN can efficiently model a large category of color
homogeneous microtextures. Finally, statistical features extracted from the co-occurrence matrix
of the original and the MCRNN based texture are used to evaluate the quality of fit of our
approach.

4.1 MCRNN Based Feature Extraction from Color Textures

In this section, we describe the algorithm we use for extracting the features of a given image
texture through training the MCRNN, and encoding these features as weight matrices of the
network. The resulting weights are then be used for generating textures that have similar
characteristics to the initial texture. The topology of the proposed random network for color
texture generation is shown in Figure 1. A rectangular grid of MCRNN neurons is set up so
that each pixel in the image corresponds to a neuron in the grid which we denote by N (3, j)
for a particular pixel position (i,7). Excitatory and inhibitory connections are assumed to exist
only between immediate neighboring neurons as shown in Figure 1. The classes of signals in
the MCRNN that we use correspond simply to one of the three colors Red, Green, and Blue.
We assume that only the neighboring neurons on the rectangular grid communicate directly;
furthermore we assume spatial homogeneity in the texture. Therefore we simplify the notation
for the weights connecting the neuron in position (z,y) to the neuron in position (i, 7) as follows:
+(i —z,j —y,¢&; C) = w+(($’y)7§; (i,j),C)

w (i —z,j—y,§) =w ((,9),&(i,5)) (23)

w

Since we only deal with locally connected neurons, the values of (i — z) and (57 — y) will be
limited to {0, +1, —1}.

We associate the color intensity value function f(z,y,c) to a pixel (z,y). and normalize
it so that 0 < f(z,y,c¢) < 1; it is then assigned to the corresponding neuron (z,y) so that

f(a:,y,c) = Y(zy),c

4.2 Color Texture Modeling (Learning) Procedure

We start with an N x H image containing an artificial or natural color texture, and we select
in the image all (2n + 1) x (2n + 1) square windows, where each pixel in a window is associated
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Figure 1: Topology of the random neural network used for texture modeling and generation [5].

with a neuron in the MCRNN. The MCRNN texture model associates a neuron N(z,y) to each
point (z,y) in the plane as shown in Figure 1.

Assuming that the texture is spatially homogenous, we will train the MCRNN over all such,
possibly overlapping, windows in the image, and obtain a set of weights which are representative
of the texture. The weights going from the neurons at the edge of the network to the neurons
inside the network and the weights which are internal to the network will be considered. Since
the (2n+1) x (2n + 1) windows are used to “learn” the weights of a neural network of the same
size, the neurons at the edges of the network will only have neighbouring neurons on the edges
or inside the network, and not beyond the edges. Thus there will be only be weights going from
the edge neurons to the neighbouring edge or internal neurons.

Let K be the total number of overlapping windows in the image; these constitute the K
training patterns. Thus each individual input pattern is a set of (2n+ 1) X (2n + 1) pixels, with
red, blue and green color intensities given for each of these pixels. The corresponding output
pattern is exactly the same as the input pattern. At each training step we adjust the MCRNN
weights so that the sum-squared difference between the input pattern and the state of each
neuron in the MCRNN is minimized.

The procedure for texture learning uses the algorithm described earlier, and is summarized
as follows:

e Initialize the weight matrices W~ and W, to random values between 0 and 1.
e Set the inhibitory rates A¥) to zero.

e Set the excitatory input rates A®¥) for the MCRNN to the normalized pixel values in the
texture. These normalized pixel values are selected as indicated previously, so that for
each pixel position (z,y) we have A¥(z,y). = f(=z,y,c¢).

e Set the desired outputs y(k) to the same normalized pixel values in the image so that
y*(z,y,0) = f(z,y,0).

e Solve the nonlinear system of equations (8) to obtain the neuron states q(yy).c-
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e Use the MCRNN Learning Algorithm to obtain the network parameters which minimize
the cost function:

By =5 (Z) (qécw,y),c - yécw,y),c)2' (24)
I,y ,c

The block diagram in Figure 2 summarizes the algorithm that is used.

Initialize the weights ' at random

w
| Set the inhibitory rates A to Zero |

s, 4

| Select a window (k) at random |

=
Set thhe parameters iﬁii_. 2 to  the
normalized pixel values in the window

¥

Solve the nonlinear svstem of
: - CkD
cquations (8 to obtain ¥ 45, o

¥

Solve the svystem of lincar

cqguations (22}
¥
TUpdate the weights 77 “*? using

equations (15) and (1&)

Is the change
in the values of the
wvelights stnall?

Figure 2: Block diagram of the MCRNN learning algorithm applied to the color texture images

4.3 Texture Synthesis (Generation) Procedure

The approach in this section is similar to the texture generation approach presented by Atalay
and Gelenbe [5]; however there is one important difference. In the approach we present here
we explicitly use the distinct average values in the original texture for each different color as
we initialize the generation algorithm. In our earlier work [5] we only made use of the average
overally intensity in initializing the algorithm.

We use the same set of equations (4) and (6) to generate a texture using the MCRNN. We
therefore assume that he weights of the neural network have been obtained using the learning
algorithm as described in the previous sections. However we still need to select the external
parameters A; . and ); in equations (4) and (6). We interpret the variables ¢ and j in these
equations as pixel positions in the plane, and “class” corresponds to color. Thus each g;. is
interpreted as the expected intensity of color ¢ at position i = (z,y).
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Since we assume that the texture is homogeneous, the probabilities g; . at different positions
1 and for the same color ¢ should be identical; therefore we will drop the dependency on ¢ and
denote it simply by by g.. Equations (4), (6) then become:

ge = Z(u,v),§ Q§’w+((’u,,’u),f; y C) + Ac
et Ly dew ((u0),6) + A

(25)

where we have used the notation for weights between neighboring in (23) with the assumption
of spatial homogeneity, and have dropped the dependency on 4 in the external parameters A; .
and ;. This simplifies to:

i Zg qeQie c + Ac
1 Te + Eg QSﬁf,c + X’

(26)

for each color ¢, where

Qg c = Z w+((u,v),§;c),
(u,v)
IBE,C = Z 'uf((u,'u),§),
(u,v)
re= Y wi((wv),686) + > w((4,v),0)

(u,0,8) (u,0)

are computed from the weights which have been previously obtained by the learning algorithm.

The two remaining unknowns in the system of equations (26) are now the A, and A, i.e.
C + 1 unknowns if there are C colors. Since we only have C equations (26), we will arbitrarily
set A = 0 so that the only external signals into the network used for generating the texture will
be the excitatory color signals A.. In order to compute the A, we will use the color intensities
f(z,y,c) in the original texture image at each position (z,y), and simply compute their average
value over the region of interest whose size is M pixels, normalized to the number L of color
intensity levels which are being used:

1
fc:mgf(xayac)’ (27)

so that 0 < f(¢) < 1. Then we we simply set each g = f. in equations (26), which directly
yields the unkowns A..

Assume a “three color” (Red, Green, Blue) texture. Clearly, the network weights could
also be fixed according to some external criteria to generate synthetic textures with predefined
characteristics [5], or they can be obtained from the learning algorithm applied to a given texture
image as discussed in Section 4.2. The procedure for texture generation can now be summarized
in the following steps:

1. Set the parameters A. as described above, and set A = 0, and fix the weights W to the
desired values.

2. Generate at random three values between 0 and 1 for each pixel (z,y) and assign them
to the variables qo(z,y,red), qo(z,y, green), qo(z,y,blue). The synthesized color texture
will be obtained by computing g (z,y,c) for each pixel position (z,y) as follows, where
K is an index for the maximum number of iterations of the numerical algorithm described
below.
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3. Set k=0
4. For each (z,y) in the pixel space that the texture will fill, compute:

z+1  y+1
Ma@y,)= Y > Y almOuwt(z—1ly—m,éEe)+ A,
l=z—1m=y—-1 ¢
z+1 y+1

AI;—I—l(‘fl"’y) = Z Z qu(l’m’g)w_(x_hy_ma&)a

l=z—1m=y—1 ¢

5. Calculate: .
/\k-|-1 (‘777 Y, C)

- (28)
Te+ )\k+1($a )

qk—f—l("I", Y, C) =

6. Update k +— k+1

7. if Kk < (K — 1) goto Step 4, else end.

Now from the values gk (z,y, c) remaining at the end of the procedure, we simply compute the
corresponding pixel values by setting f(z,y,¢) = L gx(z,y,c).

4.4 Experimental Results with Synthetic Color Textures

The major challenge of learning and reproducing textures is to capture and reproduce their
features without actually producing a “copy” of the original texture. In this section we illustrate
the power of the algorithms we have developed by using them on both synthetic and natural
textures.

We will first illustrate the texture learning and generation procedure by considering examples
of purely synthetic textures generated by the MCRNN using various settings of the weights. We
will then consider a set of real image textures selected for their diverse natural characteristics.
All the textures we present here have 256 levels for each of the three fundamental colors. Each
image we present is of size 128 x 128 x 3 bytes.

In Figure 3, (a), (c), (e), (g), (i) and (k) we present a set of synthetic textures. These have
been generated by the MCRNN texture synthesis procedure with fixed sets of weights. Then,
the texture learning procedure is applied to each of these texture images, and the corresponding
sets of weights are learned. Finally, the resulting learned weights are used in generating each of
the corresponding images in Figure 3 (b), (d), (f), (h), (j).

The visual comparison of the two sets of images reveals strong similarities between the
original and the “reproduced” (after learning) synthetic textures, and it can be seen that these
textures are indeed far from being identical copies. Thus they differ in detail while being very
similar, as they should be from our intuitive notion of textures.

However it is important to compare the original textures and the generated textures using
a quantitative approach. We will do this based on metrics obtained from the well-known co-
occurrence matrix. We will be using second-order statistics in these comparisons, and one may
wonder whether we should use higher order statistics. However experts on visual perception of
textures [30, 31] indicate that textures which have very close values of first and second order
statistics are visually indistinguishable; i.e. if their second order statistics are similar but higher
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order statistics are different, they cannot be distinguished from the point of view of human
visual perception [30, 31].

In [31] it is said that (quote): ... the conjecture that no tezture pairs can be discriminated if
they agree in their second-order statistics seems to hold for a surprisingly large class of textures.
Although a few rather weak counter-examples have been found, the conjecture can still be
maintained with only minor modifications.” (end quote). Thus we will compare the textures
learned and then generated by the MCRNN with the original textures using only second order
statistics.

As an example, the texture in Figure 3 (a) is generated using the following parameters; when
the parameters are not specified they are set to zero:

w01, B R) = 1w (0,1 R R) = 1wt (1L,1,G,6) = 1w (-1,-1,G,G) =
wt(=1,1,G,G) = 5, wr(1,—1,G,G) = 5, w(1 ,o,B, B) =1, w"(-1,0,B, B) =
wt(1,1,B,B) =4, wt(-1,-1,B,B) =4, w"(-1,1, B, ):4w(1—1BB) 4
wt(1,1,R,B) =2, w"’( l—lRB)—Q,w( 1, R, ):2w(1—1RB)
w(1,0,G.B) = 1, wH(~1,0,G, B) = 1, w*(0,1,G, B) = 2, wH(0,~1,G, B) = 2

w (1,0,R) =2, w (—1,0, R) =2, w (-1,1,R) =1, w~ 1,—1 R) =1,

w (1,0,G) = 2, w (-1,0,G) =2, w (1,1,G) = 0.5, w (—-1,—-1,G) = 0.5, w (0,1,G) = 5,
w=(0,~1,G) = 5,

w (-1,1,6) =1, w (1,-1,G) = 1, w (1,0,B) = 6, w (~1,0,B) = 6,

w(1,1,B) =3, w(—1,—1,B) = 3, w= (0,1, B) = 0.5, w™(0,—1, B) = 0.5,
w(~1,1,B) = 1, w—(1,—1,B) = 1,

Once the image texture is generated by the MCRNN, the texture learning algorithm is applied
to the synthetic texture image. The “learned” weights are obtained using the MCRNN learning
algorithm with 2000 gradient descent iterations for each weight. Finally the MCRNN is used
once again as a texture generator to obtain the texture shown in Figure 3 (b).

A well-known statistical feature that is often used to characterize textures is the co-occurrence
matrix [28, 29] which can be used to represent similarity or dissimilarity between two given
textures. Identical co-occurrence matrices are an indication of strong similarity between textures.

In order to quantitatively evaluate the similarity between the original texture, and the texture
which is generated using the MCRNN with parameters which have been learned from the original
texture, we will use a “co-occurrence matrix” P. Note again that we limit our comparisons to
second-order statistics as suggested in [30, 31].

Note that the color levels of pixels in the images we deal with can take one of 22* values. Let
i and j be color pixel values, while (k,l) and (m,n) denote pixel locations in the image. f(k,1)
denotes the pixel value at location (k,!) and it includes color information since it can take one
of 224 values. The elements P (i, j) of the co-occurrence matrix P are defined by:

)= > {lf(k,1) =i & f(k,l+1)=j] OR [f(k,1) =5 & f(k,1+1) =]} (29)
all kil

so that each P(i,j) simply counts the number of adjacent pixels in the y axis which have
neighboring values ¢ followed by j or vice-versa. Note that this co-occurrence matrix does not
consider the effect of the x direction so that it is only useful if the texture is homogeneous
along the z-axis. Since P is very large, it cannot be used readily to compare textures directly.
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Therefore we define a certain number of properties of P. These are:

Energy = Z[P(iaj)]2a
1,J
Contrast = Z(z — §)2P(i, )
1,
Entropy = Z P(i,j)logP(i, )

2
P(i.j)
Homogeneity = s
J Y %: 1+ |i—j]
These four properties of the original synthetic textures of this section, and of the corresponding
learned and then generated textures shown in Figure 3, are listed for comparison in Table 1.
The very small difference between the numerical data for the original and generated provides

quantitative confirmation of the effectiveness of the MCRNN learning and generation algorithm.

Table 1: Statistical features extracted from the co-occurrence matrix for textures of Figure 3

‘ Figure ‘ Description ‘ Energy ‘ Contrast ‘ Entropy ‘ Homogeneity ‘
2(a) specified 5510801 77706402 95169 16349
2(b) learned 5249483 80420832 94678 16134
2(c) specified 1108741 51607808 56970 15888
2(d) learned 1104047 53147734 56300 15838
2(e) specified 10327819 | 12398773 | 119302 28405
2(f) learned 9241897 13270037 | 115089 28450
2(g) specified | 100821229 | 7339544 190592 35305
2(h) learned 80766097 7386374 185923 34558
2(i) specified 161171 194922033 | 18363 5869
2(j) learned 162763 197518167 | 18480 5755
2(k) specified 529091 35986526 49026 11896
2(1) learned 535347 36737689 49489 11907

4.5 Modeling Natural Textures

We now apply the texture learning procedure to some natural texture images. For each of the
textures, the MCRNN weights are first obtained using the learning algorithm. In the training
phase, we have observed that it is not necessary to use all the overlapping 3 x 3 windows
as training patterns. For each training window we have used 2000 iterations of the learning
algorithm.

Once the training is complete, a complete network covering the whole image is constructed
with the weights obtained for the 3 x 3 window, and is then used to generate the texture.
We compare the original texture and the generated texture by calculating the co-occurrence
matrix as in Section 4.4 and the tabulating the same set of four properties. The visual results
are presented in Figure 4, while Table 2 summarizes the numerical comparison of the texture
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propertise. Again, we observe an excellent visual and numerical similarity between the original
and generated color textures.

Table 2: Statistical features extracted from the co-occurrence matrix for textures of Figure 4.

Figure ‘ Description ‘ Energy ‘ Contrast ‘ Entropy ‘ Homogeneity ‘

3(a) natural 66747545 | 5381953 146747 18341
3(b) synthetic 63745447 | 5436059 | 145955 18330
3(c) natural 146670113 | 1142197 | 162480 33509
3(d) synthetic | 166515201 | 1093520 | 164130 33955
3(e) natural 5443935 | 39938879 | 95299 7820
3(f) synthetic 5157309 | 41993308 | 94591 8015

5 Conclusions and Further Work

In this paper we have first recalled the MCRNN and the main analytical results concerning
this model, and in particular the product form solution and the existence-uniqueness results
concerning the analytical solution to this non-linear model.

Then we have described a learning algorithm for the recurrent and the feedforward MCRNN.
It is based on gradient descent minimization of a cost function. The algorithm exploits the
analytical properties of the MCRNN and reduces the gradient descent algorithm to the solution
of a system of nC linear equations nC non-linear equations.

To illustrate the use of this network and of its learning algorithm we have applied it to a
difficult problem in image analysis: the characterization and generation of color image textures.
We have used the learning algorithm to learn the weights of a recurrent network directly from
the color texture image. The trained recurrent network has then been used via a relaxation
algorithm to generate a synthetic texture that imitates the original. This approach has been
illustrated with both synthetic and natural textures, and we have used a variety of standard
texture metrics to compare the originals with the equivalent “learned and generated” textures.
The metrics used are Energy, Contrast, Entropy and Homogeneity. The differences in the metrics
for each texture considered range from at most 6% or so for the Energy, to well under 1% for
Homogeneity. This, as well as the visual comparison, illustrates the effectiveness both of the
MCRNN and of its learning algorithm.

The work described in this paper raises several new questions, both in terms of theoretical
development and of applications. The Random Neural Network and the MCRNN capture spiked
behavior in artificial neural networks. A natural extension could allow more realism in the
mathematical model by including other effects such as neurotransmitters. The question then
is whether large network models can still remain analytically and computationally tractable
and how such models can be used to develop new learning algorithms that may be useful in
engineering applications. We have recently studied the power of the RNN to carry out function
approximation [23]; it would be interesting to see whether the MCRNN can provide us with
additional capabilities in this area.

Another interesting question comes up when one considers the texture learning and gener-
ation application we have described. The ability of certain animals to control skin appearance
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and pigmentation in response to a variety of external stimuli is well known. Would it be possible
to model in a fairly detailed fashion the actual circuits that control skin pigmentation based on
visual control in specific animals? As the tractable neural network models that we can work with
become more powerful and detailed, we can hope that they will lead to even more fascinating
questions, and to new opportunities for powerful and realistic applications.
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Figure 3: Comparison of synthetic color textures generated with prespecified parameters by the
MCRNN (left), and learned by the MCRNN from the left-hand images and then generated by
the MCRNN with the learned parameters (right)
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Figure 4: Natural color textures (Left), and corresponding synthetic textures (Right) obtained
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by learning the parameters and then generating the textures with the MCRNN



