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DFT Problems

3: Discrete Cosine
Transform

> DFT Problems
DCT +
Basis Functions

DCT of sine wave
DCT Properties
Energy Conservation
Energy Compaction
Frame-based coding
Lapped Transform +

MDCT (Modified
DCT)

MDCT Basis
Elements

Summary
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For processing 1-D or 2-D signals (especially coding), a common method is
to divide the signal into “frames” and then apply an invertible transform to
each frame that compresses the information into few coefficients.

The DFT has some problems when used for this purpose:

e N real z[n] <+ N complex X|k| : 2 real, % — 1 conjugate pairs
W }; i I
$ol

— 1
e DFT  the DTFT of a periodic signal formed by replicating z[n| .
= Spurious frequency components from boundary discontinuity.

—-ilie

Ne20 (Ll l& ¢ll —

f=0.08
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Imag Real

TT [1253¢0er¢0t1] I

The Discrete Cosine Transform (DCT) overcomes these problems.
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DCT +

Y aeforeye Cosine To form the Discrete Cosine Transform (DCT), replicate z[0 : N — 1] but in
FT Problems s reverse order and insert a zero between each pair of samples:
Basis Functions ? X[n] N=6 oy[r] I

DCT of sine wave
DCT Properties
Energy Conservation ?

Energy Compaction
Frame-based coding T

Lapped Transform + 0 5 o

0 12 23
S (et Take the DFT of length 4N real, symmetric, odd-sample-only sequence.
MDCT Basis Result is real, symmetric and anti-periodic: only need first N values

Elements
Summary

MATLAB routines YIK ? X[k

12 =2

T e ? 9

0 © 5

Forward DCT: X¢ k] = Z,ﬁ:ol x[n] cos 27T(24"EL1)1€ fork=0:N—1

Inverse DCT: z[n] = +X[0] + 2 N—1 X [k] cos 2m(2n41)k

N k=1 AN

1
N
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DCT formula derivation

This proof is not examinable.

We want to show that X¢[k| = 27];7:—01 x[n] cos W is equivalent to replicating z[n] in reverse
order, inserting alternate zeros, taking DFT, dividing by 2 and keeping first NV values:

0 r even
Replicating + zero insertion gives y[r] = ¢ @ [7"51] rodd,1 <r < 2N —1
x[‘wgﬁ] rodd, 2N +1<r < 4N — 1
n _;2mb
Yrlk] = S Lyl Wiy £ 22N by + qw O where Wb = e~/ %
(ii) 2n+1)k AN —2m—1)k
N yl2n + WRTYR 4 SN L yAN — 2m — Y A Y
(iii) 2n+1)k —(2m+1)k
2 SN gl w 2n DR SN i 2D
=23 N 1an ]COSW:MC[H (i) odd r only: r = 2n + 1
(ii) reverse order forn > N: m=2N —1—n
(iii) substitute y definition & WiNF = ¢ 727 4N =1
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IDCT formula derivation

This proof is not examinable.

We want to show that z[n] = + X[0] + % z{j;ll X[k] co
Since Y [k] = 2X k] we can write y[r] =
So we can write,

x[n] = y[2n—|— 1] = 2N ZiN 1 X[k ]W4—]\§2n—|—1)k

—(2n+1)k
: NzQN 1X[]W4]\§ +)_L

2N =0

2N —1 —(2n+1)k
L SN X kWY

(iii) —(2n
= X0+ & A5 XKW

+WX[ ]W4N(2”+1>N + LN XN — W

N 27r 2n+1)k
0] + Nzkzllx[k] (473\1 )

Notes: (i) k =1+ 2N for k > 2N and X[k +2N]| =

g 2m(2n+ 1k
AN

__ s+ 27b
where W2 = ¢e¢7 77

2N —1 X[Z]W (2n—|—1)(l—|—2N)

—(2n+1)(2N—r)
AN

1 —X[’I“] WiJQ\]n—I—l)r—l—QN

— X[k

(ii) (2n—|—1)(l—|—2N) (22;1)1 +n_|_% and ei27(nt+3) — 1
(iii) k-2N—rfor/€>N
(iv) X[N] =0 and X[2N —r] = —X]r|
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Basis Functions

3: Discrete Cosine . . N-—-1 ; kn
Transform DFT basis functions: z[n] = & Y ,_, X[k]e/*™~
DFT Problems

DCT +

> Basis Functions 0: | 3: W 2]
DCT of sine wave a - w

DCT Properties

Energy Conservation

Energy Compaction 1: 5/9’9’0
Frame-based coding . W

Lapped Transform +
MDCT (Modified

DCT)
MDCT Basis
Elements
Summary
routines I I . vl 2ulk: L
MATLAB rout DCT basis functions: x[n| = %X[O] + % k=1 X k] cos 77(47;\;r )

e — P
PP e
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DCT of sine wave

3: Discrete Cosine N —
Transform

DFT Problems
DCT + f

Basis Functions

DCT Properties

> DCT of sine wave TT
Energy Conservation T [n] T‘P

DCT: Xcolk] =30 o =

2|3

Energy Compaction N=20

Frame-based coding f=0.10
Lapped Transform +
MDCT (Modified ]

DCT)
| X k]|

MDCT Basis
Elements

Summary

——0o0
o—
o—

MATLAB routines

Xolk) T [

S 27 (2n+1)k

F# %

N=20
f=0.08

—-ille
Il

[

TTT????????TTT [

TTQOOAI‘\

1

T??OO nnnnnn

DFT: Real—Complex; Freq range |0, 1]; Poorly localized

unless f = N

Xplk]|occk™  for Nf < k< ¥

DCT: Real—Real; Freq range [0,0.5]; Well localized Vf;

| Xclk]| x k72 for2Nf <k < N

DSP and Digital Filters (2017-10120)

Transforms: 3 -5 / 14



DCT Properties

3: Discrete Cosine - ] . N—1 27r(2n+1)k
ransrorm D f t . X k‘ —

Toansform efinition: X[k] =) ., x[n]cos =%

o T e Linear: ax[n] + By[n] — aX[k] + BY [K]

DCT of sine wave

> DCT Properties e “Convolution+—Multiplication” property of DFT does not hold ®
Energy Conservation

B S e Symmetric: X|—k] = X|[k] since cos —ak = cos +ak

rame-based coding

Lapped Transform +

MDCT (Modified e Anti-periodic: X[k + 2N] = —X k| because:
DO Basis o 2m(2n+1)(k+2N)=272n+ 1)k +87rNn+4N~r
i o cos(f+m) = —cosb

MATLAB routines

— X[N] = 0 since X[N] = X[-N] = —X[-N + 2N]
e Periodic: X[k +4N] = —-X[k+ 2N]| = XK]
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Energy Conservation

3: Discrete Cosine
Transform

DFT Problems

DCT +

Basis Functions
DCT of sine wave
DCT Properties

Energy
Conservation

Energy Compaction
Frame-based coding
Lapped Transform +

MDCT (Modified
DCT)

MDCT Basis
Elements

Summary
MATLAB routines

DCT X[k‘] ZN—l [n] COS 27T(27”L+1)k

nOa7

4N
N—-1 7 (2n k
IDCT: z[n] = £ X[0] + 2 S0 " X [k] cos 2X2ndL)
P xiri N=6 y YIK ? X
T ]l et = T
0 TleTT 23 ]

Energy: E=3""J |z[n]|* = L |X[0]" + 2 "N |1 X [n] [
In diagram above: £ — 2EF— 8NE—~ 0.5NE

Orthogonal DCT (preserves energy: > \x[n]|2 =) |X[n]|2)

1 N-—1
1 $oN- k=0
ODCT: X[k] = N 2n=o 21

< ZN_Ol x[n] cos 2W(247]L\J,r1)k k+#0

I0DCT: an] = /% X[0] + /% S35, X [K] cos 2rEdE

Note: MATLAB dct() calculates the ODCT
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Energy Compaction

S If consecutive x|n]| are positively correlated, DCT concentrates energy in a
27 Dl few X [k] and decorrelates them.
DCT +
Basis Functions
DCT of sine wave Example: Markov Process: x[n] = px[n — 1] + /1 — p?uln]
s o ion where u[n] is i.i.d. unit Gaussian.
Energy Then (2*[n]) =1 and (z[n]z[n — 1]) = p.
Frame-based coding Covariance of vector x is S; ; = (xxf). = = pli=il.
Lapped Transform + ’ 1,]
MDCT (Modified . .
DCT) Suppose ODCT of x is Cx and DFT is Fx.
MDCT Basis . . H ~H H L H
Elements Covariance of Cx is <Cxx C > = CSC" (similarly FSF*)
ummary
MATLAB routines Diagonal elements give mean coefficient energy.

e Used in MPEG and JPEG (superseded by
JPEG2000 using wavelets)

e Used in speech recognition to decorrelate

| p=09 | spectral coeficients: DCT of log spectrum

N =32

Cumulative energy (%)
~
o

5 10 15 20 25 30
No of coefficients

Energy compaction good for coding (low-valued coefficients can be set to 0)
Decorrelation good for coding and for probability modelling
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Frame-based coding

5 BTG S e Divide continuous signal |

DFT Problems N into frames L V\/\/\N\/\/\ N\/V
Basis Functions X{K : : :k=30/220
DCT :f sinte wave 1 d Apply DCT to eaCh frame F[] l

DCT Properties :

Energy Conservation e Encode DCT o ‘/\/\/\/\/\/\/\

Energy Compaction y[n]-x[n] - - /m\’:/\/‘m\':
> f;j::‘,;"’a“d o e.g. keep only 30 X [k] ’ T

Lapped Transform +

|\Dn<[:>1c_:)'r (Modified e Apply IDCT — y[n]

MDCT Basis

Elemente Problem: Coding may create discontinuities at frame boundaries
ummary .

MATLAB routines €.g. JPEG, MPEG use 8 x 8 plxel blocks

8.3 kB (PNG) 1.6 kB (JPEG) 0.5 kB (JPEG)
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Lapped Transform +
= s (e Modified Discrete Cosine Transform (MDCT): overlapping frames 2N long
e iV -1
DCT ofenevavs " Xol0: N - 1]

S ot = %l[0:2N —1]

Frame-based coding

Lapped Transform ZC[N . 3N — 1]

>
I\Dng-i'l;':)-r (Modified MDET X1[N : 2N —1]
M N 3N — 1)
:ﬂu:Tn:?Ar),B routines ZC[QN . 4N — 1]
VDST X,[2N 1 3N — 1]
MEET o[2N D AN — 1]

y[n| = yoln| + y1[n]| + ya[n|

§y[n]

Vi = error

0 ‘N ION

MDCT: 2N — N coefficients, IMDCT: N — 2N samples
Add y;[n| together to get y[n]. Only two non-zero terms far any n.
Errors cancel exactly: Time-domain alias cancellation (TDAC)
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MDCT (Modified DCT)

MDCT: X[k] = S22V 2[n] cos 22nt 1t H) k1) 0<k<N
IMDCT: y[n] = & S0 X[k] cos 2XEntIEN)2h41) 0<n<2N

If x, X and y are column vectors, then X = Mx and y = %MTX = %MTMX

where M is an N x 2N matrix with my_,, = cos 27 (2n+1+N)(2k+1)

SN
Quasi-Orthogonality: The 2N x 2Nmatrix, +MTM, is almost the identity:
1 ... 0 ] 0 ... 1 ]
I1-J 0 :
i T — l — . S . — . . .
MM 2[ 0 I_|_J]W'th1 : o0 d L :
0 - 1 1 -0

When two consective y frames are overlapped by N samples, the second half of the first
frame has thus been multiplied by 3 (I + J) and the first half of the second frame by

% (I —J). When these y frames are added together, the corresponding x samples have
been multiplied by % I+J)+ % (I —J) =1 giving perfect reconstruction.

Normally the 2/N-long x and y frames are windowed before the MDCT and again after the
IMDCT to avoid any discontinuities; if the window is symmetric and satisfies
w?[i] + w?[i + N] = 2 the perfect reconstruction property is still true.
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[Deriving the value of +M*'M]

This proof is not examinable.

If we define A = %MTM with myg,, = cos 27r(2n—|—1é|—]\]]\7)(2k:—|—1) , we want to show that
_ 1| I+Jd 0 : : o B
A = 3 0 -3 | To avoid fractions, we write a = £ so that mg, =

cos(a(2n+1+ N)(2k +1)). Now we can say

| N-1
Qrn = - MErMkn
N k=0
| N-1
= N cos (a(2r+ 14+ N)(2k+ 1)) cos(a(2n+ 1+ N)(2k+ 1))
k=0
| N1 | N1
= v 2 cos (2a(r —n)(2k + 1)) + kz:% cos (2a(r +n+ 1+ N)(2k + 1))
where, in the last line, we used the identity cosf cos¢ = = cos (0 —od)+ 5 cos (0 + o).

We now convert these terms to complex exponentials to sum them as geometric progressions.
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(o5 Sy cos (2a(r — n)(2k + 1))]

Converting to a the real part () of geometric progression (with o = 82—]7\77):
N-1 N-1
1 Ga(r—m@k+1) = R ( Y exp(i2a(r—n)(2k+ 1)
— cos 2a(r —n = — ex a(r—mn
2N oN "\ &= TP

1 N—-1
= <exp (j2a(r —n)) 3 exp (jdalr — n>k>>

k=0
1 — exp (jda(r — n)N))
1 —exp (jda(r —n))

[\

= LN% (exp (j2a(r — n))

1 1 —exp (j4a(r —n)N)
= vt (eXp(—ﬂOé(?“—n)) — exp (jQOé(?“—n)))
1 1 —exp (j4a(r — n)N)
- 2N§R ( —2jsin (2a(r — n)) )
1 sin(4a(r —n)N) 1 sin((r —n)m)

AN sin(2a(r —n)) 4N sin (57rm)

The numerator is sine of a multiple of m and is therefore 0. Therefore the whole sum is zero unless

the denominator is zero or, equivalently, (r — n) is a multiple of 2N. Since 0 < 7, n < 2N, this only

1 N-—1 1
3N 2ek=0 080 =

happens when » = n in which case the sum becomes 5 -
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[k Sy cos (2a(r +n+ 14+ N)(2k + 1))]

1 N—-1

5N 2p—o €08 (2a(r +n + 1+ N)(2k + 1)) is the same as before with r —n replaced by r+n+1+ N.

We can therefore write

N—1
1 1 si 1+ N
— S cosa(r+n+14+N)(2k+1)) = sin((r+n+1+N)m)
2N 4N gin (r+n+1+N )
k=0 sSN T

The numerator is again the sine of a multiple of 7w and is therefore 0. Therefore the whole sum is zero
unless (r +n + 1+ N) is a multiple of 2N. This only happens when r +n = N — 1 or 3N — 1 since
0 <r,n<2N. The constraint r4+n = N — 1 corresponds to the anti-diagonal of the top left quadrant
of the A matrix, while »+n = 3N — 1 corresponds to the anti-diagonal of the bottom right quadrant.

Writing 7 +n + 1 + N = x, we can use L'Hépital’s rule to evaluate 4%\] Sisri?(iwi) at ¢ = {2N, 4N}.
2N

Differentiating numerator and denominator gives %% which comes to {—%, %} respectively at
2N T

x ={2N, 4N}.
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MDCT Basis Elements

Teansform MDCT: X [k] = S22V 2[n] cos 2H2nt 1t H) k1) 0<k<N
DFT Problems

DCT + N—-1 27 (2 1+N)(2k+1

Basis Ffunctions IMDCT y[n] — % k=0 X[k] COS 7T( nt ;_N )( + ) O S n < 2N
DCT of sine wave

DCT Properties In vector notation: X = Mx and y = + MTX = + M”TMx

Energy Conservation
Energy Compaction

Frame-based coding The rows Of M form the 0 M
Lapped Transform 4 MDCT basis elements.

MDCT (Modified
DCT)

MDCT Basis
> Elements

Summary
MATLAB routines

Example (N = 4):

M =

The basis frequencies

0.56
—0.98
0.20
0.83

020 —0.20 —0.56 —0.83 —0.98 —0.98 —0.83 |
—0.56  0.56 0.98 0.20 -0.83 -0.83 0.20
0.83 —-0.83 —-0.20 098 —-0.56 —-0.56 0.98
—-098 098 —-0.83 056 —-0.20 -—-0.20 0.56

are {0.5, 1.5, 2.5, 3.5} times the fundamental.
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Summary

5 BTG S DCT: Discrete Cosine Transform
DFT Problems N e Equivalent to a DFT of time-shifted double-length | x % ]
Basis Functions e Often scaled to make an orthogonal transform (ODCT)
DT pone wave e Better than DFT for energy compaction and decorrelation ©
Energy Conservation o Energy Compaction: Most energy is in only a few coefficients
il i o Decorrelation: The coefficients are uncorrelated with each other
::;2;" (T“;i':l::;“ + e Nice convolution property of DFT is lost ®
Enlgfisasis MDCT: Modified Discrete Cosine Transform
B> Grrreery e Llapped transform: 2N — N — 2N
MATLAB routines e Aliasing errors cancel out when overlapping output frames are added
e Similar to DCT for energy compaction and decorrelation ©
e Overlapping windowed frames can avoid edge discontinuities ©
e Used in audio coding: MP3, WMA, AC-3, AAC, Vorbis, ATRAC

For further details see Mitra: 5.

DSP and Digital Filters (2017-10120) Transforms: 3 — 13 / 14



MATLAB routines

3: Discrete Cosine
Transform

DFT Problems

DCT +

Basis Functions

DCT of sine wave
DCT Properties
Energy Conservation
Energy Compaction
Frame-based coding
Lapped Transform +

MDCT (Modified
DCT)

MDCT Basis
Elements

Summary
> MATLAB routines

dct, idct

ODCT with optional zero-padding
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