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Filter Spe
i�
ation:

Sample Rate: 20 kHz

Passband edge: 100 Hz (ω1 = 0.03)

Stopband edge: 300 Hz (ω2 = 0.09)

Passband ripple: ±0.05 dB (δ = 0.006)

Stopband Gain: −80 dB (ǫ = 0.0001)

This is an extreme �lter be
ause the 
uto� frequen
y is only 1% of the

Nyquist frequen
y.

Symmetri
 FIR Filter:

Design with Remez-ex
hange algorithm

Order = 360
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If a �lter passband o

upies only a small fra
tion

of [0, π], we 
an downsample then upsample

without losing information.

Downsample: aliased 
omponents at o�sets of

2π
K

are almost zero be
ause of H(z)

Upsample: Images spa
ed at

2π
K


an be

removed using another low pass �lter

To avoid aliasing in the passband, we need

2π
K

− ω2 ≥ ω1 ⇒ K ≤ 2π
ω1+ω2
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Centre of transition band must be ≤ intermediate Nyquist freq,

π
K

We must add a lowpass �lter to remove the images:

Passband noise = noise �oor at output of H(z) plus 10 log10 (K − 1) dB.
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For our �lter: original Nyquist frequen
y = 10 kHz and transition band


entre is at 200 Hz so we 
an use K = 50.

We will split H(z) into K �lters ea
h of order R− 1. For 
onvenien
e,

assume M + 1 is a multiple of K (else zero-pad h[n]).

Example: M = 399, K = 50⇒ R = M+1
K

= 8

H(z) =
∑M

m=0 h[m]z−m

=
∑K−1

m=0 h[m]z−m +
∑K−1

m=0 h[m+K]z−(m+K) + · · · [R terms℄

=
∑R−1

r=0

∑K−1
m=0 h[m+Kr]z−m−Kr

=
∑K−1

m=0 z
−m

∑R−1
r=0 hm[r]z−Kr

where hm[r] = h[m+Kr]

=
∑K−1

m=0 z
−mHm

(

zK
)

Example: M = 399, K = 50, R = 8
h3[r] = [h[3], h[53], · · · , h[303], h[353]]

This is a polyphase implementation of the �lter H(z)
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H(z) is low pass so we downsample its

output by K without aliasing.

The number of multipli
ations per input

sample is M + 1 = 400.

Using the Noble identities, we 
an move

the resampling ba
k through the adders

and �lters. Hm(zK) turns into Hm(z)

at a lower sample rate.

We still perform 400 multipli
ations but

now only on
e for every K input

samples.

Multipli
ations per input sample = 8 (down by a fa
tor of 50 ,) but v[n]

has the wrong sample rate (/).
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To restore sample rate: upsample and

then lowpass �lter to remove images

We 
an use the same lowpass �lter,

H(z), in polyphase form:

∑K−1
m=0 z

−m
∑R−1

r=0 hm[r]z−Kr

This time we put the delay z−m

after

the �lters.

Multipli
ations per output sample =

400

Using the Noble identities, we 
an move

the resampling forwards through the

�lters. Hm(zK) turns into Hm(z) at a

lower sample rate.

Multipli
ations per output sample = 8

(down by a fa
tor of 50 ,).
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The overall system implements:

Need an extra gain of K to 
ompensate for the downsampling energy loss.

Filtering at downsampled rate requires 16 multipli
ations per input sample

(8 for ea
h �lter). Redu
ed by

K
2 from the original 400.

H(ejω) rea
hes −10 dB at the downsampler

Nyquist frequen
y of

π
K

.

Spe
tral 
omponents > π
K

will be aliased

down in frequen
y in V (ejω).

For V (ejω), passband gain (blue 
urve)

follows the same 
urve as X(ejω).

Noise arises from K aliased spe
tral intervals.

Unit white noise in X(ejω) gives passband

noise �oor at −69 dB (red 
urve) even

though stop band ripple is below −83 dB

(due to K − 1 aliased stopband 
opies).
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We 
an represent the upsampler


ompa
tly using a 
ommutator.

Sample y[n] 
omes from Hk(z)

where k = n mod K.

[�@f � indi
ates the sample rate℄

H0(z) 
omprises a sequen
e of 7

delays, 7 adders and 8 gains.

We 
an share the delays between

all 50 �lters.

We 
an also share the gains and

adders between all 50 �lters and

use 
ommutators to swit
h the


oe�
ients.

We now need 7 delays, 7 adders and 8 gains for the entire �lter.
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We 
an again use a 
ommutator.

The outputs from all 50 �lters are

added together to form v[i].

We use the transposed form of

Hm(z) be
ause this will allow us

to share 
omponents.

We 
an sum the outputs of the

gain elements using an

a

umulator whi
h sums blo
ks of

K samples.

Now we 
an share all the


omponents and use 
ommutators

to swit
h the gain 
oe�
ients.

We need 7 delays, 7 adders, 8

gains and 8 a

umulators in total.

w[i] =
∑

K−1

r=0
u[Ki− r]
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• Filtering should be performed at the lowest possible sample rate

◦ redu
e �lter 
omputation by K

◦ a
tual saving is only

K
2 be
ause you need a se
ond �lter

◦ downsampled Nyquist frequen
y ≥ max (ω

passband

) + ∆ω
2

• Polyphase de
omposition: split H(z) as

∑K−1
m=0 z

−mHm(zK)
◦ ea
h Hm(zK) 
an operate on subsampled data

◦ 
ombine the �ltering and down/up sampling

• Noise �oor is higher be
ause it arises from K spe
tral intervals that

are aliased together by the downsampling.

• Share 
omponents between the K �lters

◦ multiplier gain 
oe�
ients swit
h at the original sampling rate

◦ need a new 
omponent: a

umulator/downsampler (K : Σ)

For further details see Harris 5.
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