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• The Hm(z) are bandpass analysis �lters and divide x[n] into

frequen
y bands

• Subband pro
essing often pro
esses frequen
y bands independently

• The Gm(z) are synthesis �lters and together re
onstru
t the output

• The Hm(z) outputs are bandlimited and so 
an be subsampled

without loss of information

◦ Sample rate multiplied overall by

∑

1
Pi

∑

1
Pi

= 1 ⇒ 
riti
ally sampled : good for 
oding

∑

1
Pi

> 1 ⇒ oversampled : more �exible

• Goals:

(a) good frequen
y sele
tivity in Hm(z)

(b) perfe
t re
onstru
tion: y[n] = x[n− d] if no pro
essing

• Bene�ts: Lower 
omputation, faster 
onvergen
e if adaptive
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Vm(z) = Hm(z)X(z) [m ∈ {0, 1}℄

Um(z) = 1
K

∑K−1
k=0 Vm(e

−j2πk

K z
1

K ) = 1
2

{

Vm

(

z
1

2

)

+ Vm

(

−z
1

2

)}

Wm(z) = Um(z2) = 1
2 {Vm(z) + Vm(−z)} [K = 2]

= 1
2 {Hm(z)X(z) +Hm(−z)X(−z)}

Y (z) =
[

W0(z) W1(z)
]

[

G0(z)
G1(z)

]

= 1
2

[

X(z) X(−z)
]

[

H0(z) H1(z)
H0(−z) H1(−z)

] [

G0(z)
G1(z)

]

=
[

X(z) X(−z)
]

[

T (z)
A(z)

]

[X(−z)A(z) is �aliased� term℄

We want (a) T (z) = 1
2 {H0(z)G0(z) +H1(z)G1(z)} = z−d

and (b) A(z) = 1
2 {H0(−z)G0(z) +H1(−z)G1(z)} = 0
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For perfe
t re
onstru
tion without aliasing, we require

1
2

[

H0(z) H1(z)
H0(−z) H1(−z)

] [

G0(z)
G1(z)

]

=

[

z−d

0

]

Hen
e:

[

G0(z)
G1(z)

]

=

[

H0(z) H1(z)
H0(−z) H1(−z)

]

−1 [
2z−d

0

]

= 2z−d

H0(z)H1(−z)−H0(−z)H1(z)

[

H1(−z) −H1(z)
−H0(−z) H0(z)

] [

1
0

]

= 2z−d

H0(z)H1(−z)−H0(−z)H1(z)

[

H1(−z)
−H0(−z)

]

For all �lters to be FIR, we need the denominator to be

H0(z)H1(−z)−H0(−z)H1(z) = cz−k

, whi
h implies

[

G0(z)
G1(z)

]

= 2
c
zk−d

[

H1(−z)
−H0(−z)

]

d=k
= 2

c

[

H1(−z)
−H0(−z)

]

Note: c just s
ales Hi(z) by c
1

2

and Gi(z) by c−
1

2

.
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QMF satis�es:

(a) H0(z) is 
ausal and real

(b) H1(z) = H0(−z): i.e.

∣

∣H0(e
jω)

∣

∣

is re�e
ted around ω = π
2

(
) G0(z) = 2H1(−z) = 2H0(z)

(d) G1(z) = −2H0(−z) = −2H1(z)

QMF is alias-free:

A(z) = 1
2 {H0(−z)G0(z) +H1(−z)G1(z)}

= 1
2 {2H1(z)H0(z)− 2H0(z)H1(z)} = 0

QMF Transfer Fun
tion:

T (z) = 1
2 {H0(z)G0(z) +H1(z)G1(z)}

= H2
0 (z)−H2

1 (z) = H2
0 (z)−H2

0 (−z)
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Polyphase de
omposition:

H0(z) = P0(z
2) + z−1P1(z

2)
H1(z) = H0(−z) = P0(z

2)− z−1P1(z
2)

G0(z) = 2H0(z) = 2P0(z
2) + 2z−1P1(z

2)
G1(z) = −2H0(−z) = −2P0(z

2) + 2z−1P1(z
2)

Transfer Fun
tion:

T (z) = H2
0 (z)−H2

1 (z) = 4z−1P0(z
2)P1(z

2)

we want T (z) = z−d ⇒ P0(z) = a0z
−k

, P1(z) = a1z
k+1−d

⇒ H0(z) has only two non-zero taps ⇒ poor freq sele
tivity

∴ Perfe
t re
onstru
tion QMF �lterbanks 
annot have good freq sele
tivity
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Polyphase de
omposition:

A(z) = 0 ⇒ no alias term

T (z) = H2
0 (z)−H2

1 (z) = H2
0 (z)−H2

0 (−z) = 4z−1P0(z
2)P1(z

2)

Options:

(A) Perfe
t Re
onstru
tion: T (z) = z−d ⇒ H0(z) is a bad �lter.

(B) T (z) is Linear Phase FIR:

⇒ Tradeo�:

∣

∣T (ejω)
∣

∣ ≈ 1 versus H0(z) stopband attenuation

(C) T (z) is Allpass IIR: H0(z) 
an be Butterworth or Ellipti
 �lter

⇒ Tradeo�: ∠T (ejω) ≈ τω versus H0(z) stopband attenuation
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T (z) ≈ 1

H0(z) order M , linear phase ⇒ H0(e
jω) = ±e−jωM

2

∣

∣H0(e
jω)

∣

∣

T (ejω) = H2
0 (e

jω)−H2
1 (e

jω) = H2
0 (e

jω)−H2
0 (−ejω)

= e−jωM
∣

∣H0(e
jω)

∣

∣

2
− e−j(ω−π)M

∣

∣H0(e
j(ω−π))

∣

∣

2

= e−jωM
(

∣

∣H0(e
jω)

∣

∣

2
− (−1)

M
∣

∣H0(e
j(π−ω))

∣

∣

2
)

M even ⇒ T (ej
π
2 ) = 0 / so 
hoose M odd ⇒ − (−1)M = +1

Sele
t h0[n] by numeri
al iteration to minimize

α
∫ π

π
2
+∆

∣

∣H0(e
jω)

∣

∣

2
dω + (1− α)

∫ π

0

(
∣

∣T (ejω)
∣

∣− 1
)2

dω

α → balan
e between H0(z) being lowpass and T (ejω) ≈ 1

Johnston �lter

(M = 11):

h
0
[n] M=11
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|T (z)| = 1

Choose P0(z) and P1(z) to be allpass IIR �lters:

H0,1(z) =
1
2

(

P0(z
2)± z−1P1(z

2)
)

, G0,1(z) = ±2H0,1(z)

A(z) = 0 ⇒ No aliasing

T (z) = H2
0 −H2

1 = . . . = z−1P0(z
2)P1(z

2) is an allpass �lter.

H0(z) 
an be made a Butterworth or Ellipti
 �lter with MH = 4MP + 1:

0 1 2 3

-8

-6

-4

-2

0

P
0
(z2)

z-1P
1
(z2)

M
P
=1

A
0
=1+0.236z-1

A
1
=1+0.715z-1

ω

∠
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0
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0
H

1
M

H
=5

ω

H
0
(z)

0 1 2 3

5
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T(z)

ω (rad/sample)

Phase 
an
ellation: ∠z−1P1 = ∠P0 + π ; Ripples in H0 and H1 
an
el.
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A half-band �lterbank divides the full band into two equal halves.

You 
an repeat the pro
ess on either or both of the signals u1[p]

and v1[p].

Dividing the lower band in half repeatedly results in an o
tave band

�lterbank . Ea
h subband o

upies one o
tave (= a fa
tor of 2 in

frequen
y) ex
ept the �rst subband.

The properties �perfe
t re
onstru
tion� and �allpass� are preserved

by the iteration.
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• Half-band �lterbank:

◦ Re
onstru
ted output is T (z)X(z) +A(z)X(−z)
◦ Unwanted alias term is A(z)X(−z)

• Perfe
t re
onstru
tion: imposes strong 
onstraints on analysis

�lters Hi(z) and synthesis �lters Gi(z).

• Quadrature Mirror Filterbank (QMF) adds an additional symmetry


onstraint H1(z) = H0(−z).

◦ Perfe
t re
onstru
tion now impossible ex
ept for trivial 
ase.

◦ Neat polyphase implementation with A(z) = 0
◦ Johnston �lters: Linear phase with T (z) ≈ 1
◦ Allpass �lters: Ellipti
 or Butterworth with |T (z)| = 1

• Can iterate to form a tree stru
ture with equal or unequal

bandwidths.

See Mitra 
hapter 14 (whi
h also in
ludes some perfe
t re
onstru
tion

designs).
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