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Why are engineers obsessed with sine waves?
Answer: Because ...

L.

A sine wave remains a sine wave of the same frequency when you
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Question: How do we find a,, and b,,?
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Question: How do we find a,, and b,,?

Answer: We use a clever trick that relies on taking averages.

(x(t)) equals the average of z(t) over any integer number of periods:

((t)) = % [i_o x(t)dt
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2: Fourier Series

Fourier Analysis

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

Suppose that u(t) satisfies the Dirichlet conditions so that

u(t) =@ + > " (ay cos 2mnFt + by, sin 2rnFt)
Question: How do we find a,, and b,,?
Answer: We use a clever trick that relies on taking averages.

(x(t)) equals the average of z(t) over any integer number of periods:
T
((t)) = 7 Jig z(t)dt

Remember, for any integer n, (sin 2mnF't) =

0
0 0
(cos2mnF't) = {1 n7

: E1.10 Fourier Series and Transforms (2014-5379) Fourier Series: 2-6/11 :
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2: Fourier Series

Fourier Analysis

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

Suppose that u(t) satisfies the Dirichlet conditions so that

u(t) =@ + > " (ay cos 2mnFt + by, sin 2rnFt)
Question: How do we find a,, and b,,?
Answer: We use a clever trick that relies on taking averages.

(x(t)) equals the average of z(t) over any integer number of periods:
T
((t)) = 7 Jig z(t)dt

Remember, for any integer n, (sin 2mnF't) =

0
0 0
(cos2mnF't) = {1 n7

Finding a,, and b,, is called Fourier analysis.
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y

: E1.10 Fourier Series and Transforms (2014-5379)
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y

= SIN T COS Y =

1
2

sin(z + y) + 3 sin(z — y)
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y
: _ 1

= sinz cosy = 3

cos(x + y) = cosx cosy F sinx siny

sin(z + y) + 3 sin(z — y)
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y
1

= sinz cosy = s sin(x + y) + 1 sin(z — y)

cos(x + y) = cosx cosy F sinx siny

= COST COSY = %COS

(z+y) + 5 cos(z — y)
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y

= SIN T COS Y =

1

cos(x + y) = cosx cosy F sinx siny

=> COS X COS Y =
sinxsiny =

1 COS

1

B COS

(r+y)+

(z—y

)

Tsin(xz + y) + 1 sin(z — y)
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y
= sinzcosy = £ sin(z + y) + £ sin(z — y)
cos(x + y) = cosx cosy F sinx siny

— COSX COSYy = 1 cos(x + y) + ! cos(z — y)

1 1

sinzsiny = 35 cos(z — y) — 5 cos(z + y)

Set x = 2mmF't, y = 2mnF't (with m + n # 0) and take time-averages:
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y

= sinzcosy = £ sin(z + y) + £ sin(z — y)
cos(x + y) = cosx cosy F sinx siny

= cosT cosy = 5 cos(z +y) + = cos(z — y)

1 1

sinzsiny = 35 cos(z — y) — 5 cos(z + y)

Set x = 2mmF't, y = 2mnF't (with m + n # 0) and take time-averages:

o (sin(2mmFEt)cos (2mnkEt))

: E1.10 Fourier Series and Transforms (2014-5379)

Fourier Series: 2 -7/ 11 '
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y
— SiDCISCOsy = %Sin( -+ y) + = 81n(gj — y)

cos(x + y) = cosx cosy F sinx siny
= COST COSY =

Sin z siny = 5 COS

1

L cos(z +y) +

L cos(z — )

1

(z —y) — 5 cos(z + y)

Set x = 2mmF't, y = 2mnF't (with m + n # 0) and take time-averages:
(sin (27TmF t)cos (2mnF't))

= (3

n(2m (m+n) Ft)) + (3

1
2

sin(27 (m

—n)Ft))=0

: E1.10 Fourier Series and Transforms (2014-5379)
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2: Fourier Series

sin(z + y) = sinx cosy £ cos x sin y

@ Periodic Functions

® Fourier Series = sinx cosy = % sin(z +y) + = sm(w —y)

® Why Sin and Cos Waves?

@ Dirichlet Conditions Cos(x :I: y) = COS X COS y :F SIN T S1n y

® Fourier Analysis 1

@ Trigonometric Products i COS I COS y — ? COS(I + y) —I— ? COS(CB - y)

® Fourier Analysis : : — dL . _ 4

® Fourier Analysis Example S111 2 511 y — 2 COS(:U y) 2 COS( —1_ y)

® Linearity . .

S e Set x = 2mmF't, y = 2mnF't (with m + n # 0) and take time-averages:

e (sin (27rmFt) cos (2rnF't))

<% n (27 m+n)Ft)>+<%Sin(27r(m—n)Ft)>:0
(

e (cos(2mrmF't)cos (2rnFt))
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y
— SiDCISCOsy = %Sin( -+ y) + = 81n(gj — y)

cos(x + y) = cosx cosy F sinx siny
= cosT cosy = 5 cos(z +y) + = cos(z — y)

1

1

sinzsiny = 35 cos(z — y) — 5 cos(z + y)

2

Set x = 2mmF't, y = 2mnF't (with m + n # 0) and take time-averages:
(sin (27TmF t)cos (2mnF't))

(co

<
s (2
(3¢

% n(2m m+n)Ft)>+<lsin(27T(m

l\)lr—\

2
mmF't) cos (2rnFt))

s(2m (m + n) Ft)) + (3 cos(2w (m

—n)Ft))=0

—n) Ft))
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y

— SiDCISCOsy = %Sin( —l—y) — —81n(gj —y)

cos(x + y) = cosx cosy F sinx siny

— COSX COSYy = 1 cos(x +y) + 5 cos(w — )

1 1

sinzsiny = 35 cos(z — y) — 5 cos(z + y)

Set x = 2mmF't, y = 2mnF't (with m + n # 0) and take time-averages:

(sin (27TmF t) cos (2mnF't))
% n (27 m+n)Ft)>+<l sin(27r(m—n)Ft)>:O

(co

<
s (2
(3¢

l\)lr—\

2
mmF't) cos (2rnFt))

s(2m (m + n) Ft)) + (3 cos(2m (m — n) Ft))= {
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y
— SiDCISCOsy = %Sin( -+ y) + = 81n(gj — y)

cos(x + y) = cosx cosy F sinx siny
= COST COSY =

Sin z siny = 5 COS

% cos(x + y) + 2 L cos(z — )

(z —y) — 5 cos(z + y)

Set x = 2mmF't, y = 2mnF't (with m + n # 0) and take time-averages:

(sin (27TmF t)cos (2mnF't))

<
(cos (2mmF't) cos (2mnF't))
(3¢

l\)lr—\

(sin (2rmF't)sin (2rnF't))

1

Lsin(2m (m+n) Ft)) + (3

2

sin(27 (m

s(2m (m + n) Ft)) + (3 cos(2m (m — n) Ft))= {

—n)Ft))=0
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y

— SiDCISCOsy = %Sin( —l—y) — —81n(gj —y)

cos(x + y) = cosx cosy F sinx siny

— COSX COSYy = 1 cos(x +y) + 5 cos(w — )

1 1

sinzsiny = 35 cos(z — y) — 5 cos(z + y)

Set x = 2mmF't, y = 2mnF't (with m + n # 0) and take time-averages:

(sin (27TmF t) cos (2mnF't))
% n (27 m+n)Ft)>+<l sin(27r(m—n)Ft)>:O

<
(cos (2
(3¢

l\)lr—\

2
mmF't) cos (2rnFt))

s(2m (m + n) Ft)) + (3 cos(2m (m — n) Ft))= {

(sin 27rmFt) sin (2mnF't))

(
=

1.
2 ©

—n) Ft)) — (3 cos(2m (m + n) F't))
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y

— SiDCISCOsy = %Sin( —l—y) — —81n(gj —y)

cos(x + y) = cosx cosy F sinx siny

— COSX COSYy = 1 cos(x +y) + 5 cos(w — )

1 1

sinzsiny = 35 cos(z — y) — 5 cos(z + y)

Set x = 2mmF't, y = 2mnF't (with m + n # 0) and take time-averages:

(sin (27TmF t) cos (2mnF't))
% n (27 m+n)Ft)>+<l sin(27r(m—n)Ft)>:O

(co é 2rmE't) cos (2rnFt)) 2
= (g cos(@m(m +n) Ft)) + (5 cos(2m (m —n) F't))= {? .
(sin (zmet) sin (27 Ft)) 2
= (% cos(2r (m —n) Ft)) — (4 cos(2r (m +n) F))= {0 m#n
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2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y

= sinzcosy = £ sin(z + y) + £ sin(z — y)
cos(x + y) = cosx cosy F sinx siny

= cosT cosy = 5 cos(z +y) + = cos(z — y)

1 1

sinzsiny = 35 cos(z — y) — 5 cos(z + y)

Set x = 2mmF't, y = 2mnF't (with m + n # 0) and take time-averages:
e (sin (27rmFt) cos (2rnF't))
2sin(2m (m +n) Ft)) + (3 sin(2r (m —n) Ft)) =0

< >
e (cos(2mrmF't)cos (2rnFt))
(

— (L cos(2m (m +n) Ft)) + (& cos(2r (m — n) Ft))= {? Zfz
e (sin (27rmFt) sin (2mnF't))
= (4 cos(2m (m — n) Ft)) — ( cos(2 (m + n) Ft))= {? Ziz

Summary: (sin cos) = 0
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-1

2: Fourier Series

Trigonometric Products

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

® Fourier Analysis Example
® Linearity

® Summary

sin(z + y) = sinx cosy £ cos x sin y

— SiDCISCOsy = %Sin( —l—y) — —81n(gj —y)

cos(x + y) = cosx cosy F sinx siny
= cosT cosy = = cos(z +y) +

1

sinzsiny = 3 cos(z — y)

1

L cos(z — )
— 5 cos(x +y)

Set x = 2mmF't, y = 2mnF't (with m + n # 0) and take time-averages:

e (sin (27rmFt) cos (2rnF't))

= (Lsin(2r (m+n) Ft)) + (3 sin(2r (m —n) Ft)) =0
e (cos(2mrmF't)cos (2rnFt))
— (L cos(2m (m + n) Ft)) + (3 cos(2r (m — n) Ft))= {? Ziz
e (sin (27rmFt) sin (2mnF't)) 2
 (hostan () F0) - (hentam s r0)= {7
Summary: (sin cos) = 0
(sinsin) = (cos cos) = 1 if m = n or otherwise = 0.
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Trigonometric Products

2: Fourier Series

sin(z + y) = sinx cosy £ cos x sin y

@ Periodic Functions

® Fourier Series = sinx cosy = % sin(z +y) + = sm(w —y)

® Why Sin and Cos Waves?

@ Dirichlet Conditions Cos(x :I: y) = COS X COS y :F SIN T S1n y

® Fourier Analysis 1

@ Trigonometric Products i COS I COS y — ? COS(I + y) —I— ? COS(CB - y)

® Fourier Analysis : : — dL . _ 4

® Fourier Analysis Example S111 2 511 y — 2 COS(:U y) 2 COS( —1_ y)

® Linearity . .

S e Set x = 2mmF't, y = 2mnF't (with m + n # 0) and take time-averages:

e (sin (27rmFt) cos (2mnF't))
% n (27 m+n)Ft)>+<l sin(27r(m—n)Ft)>:O

< >
e (cos(2mrmF't)cos (2rnFt))
(

— (L cos(2m (m +n) Ft)) + (& cos(2r (m — n) Ft))= {? e
5 m=n

e (sin (27rmFt) sin (2mnF't))
= (4 cos(2m (m — n) Ft)) — ( cos(2 (m + n) Ft))= {2 Ziz
Summary: (sin cos) = 0 [provided that m + n £ 0]

| (sinsin) = (cos cos) = 1 if m = n or otherwise = 0. |
1
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2: Fourier Series

Fourier Analysis

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

@ Fourier Analysis Example
® Linearity

® Summary

Find a,, and b, inu(t) =

o0
n=1

(an cos2mnEt + b, sin 2rnF't)
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2: Fourier Series

Fourier Analysis

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

@ Fourier Analysis Example
® Linearity

® Summary

Find a, and by, inu(t) = 9 + > (ay, cos 2mnFt + b, sin 2rnF't)

Answer: a, = 2 (u(t) cos (2rnF't))

: E1.10 Fourier Series and Transforms (2014-5379)

Fourier Series: 2 -8/ 11 '
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2: Fourier Series

Fourier Analysis

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

@ Fourier Analysis Example
® Linearity

® Summary

Find a,, and by, in u(t) = % + Z,Zozl (ay, cos 2nnEt + b, sin 2mnF't)

Answer: a,, = 2 {(u(t) cos (2mnF't)) = = fo

) cos (2mnE't) dt

: E1.10 Fourier Series and Transforms (2014-5379)

Fourier Series: 2 -8/ 11 '
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2: Fourier Series

Fourier Analysis

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

@ Fourier Analysis Example
® Linearity

® Summary

Find a,, and by, in u(t) = % + Z,Zozl (ay, cos 2nnEt + b, sin 2mnF't)

Answer: a,, =
bn

2
2

(u(t) cos (2mnF't)) = = fo
(u(t) sin (2mnF't))

) cos (2mnE't) dt

: E1.10 Fourier Series and Transforms (2014-5379)
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Fourier Analysis

2: Fourier Series Find a,, and by, in u(t) = a2—0 + Z,Zozl (an cos2mnEt + b, sin 2rnF't)

@ Periodic Functions
® Fourier Series

@ Why Sin and Cos Waves? Answer: Ay = 2 <u(t) COS (27TnFt — T fo t COS 27T7/LFt) dt

@ Dirichlet Conditions

® Fourier Analysis - : é

® Trigonometric Products bn o 2 <u(t) Sl (QWnFt o T fO Sln ZﬂnFt) dt
® Fourier Analysis

@ Fourier Analysis Example

® Linearity

® Summary

: E1.10 Fourier Series and Transforms (2014-5379) Fourier Series: 2-8/11 :
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2: Fourier Series

Fourier Analysis

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

@ Fourier Analysis Example
® Linearity

® Summary

Find a, and by, inu(t) = 9 + > (ay, cos 2mnFt + b, sin 2rnF't)

Answer: a,, = 2 (u(t) cos (2rnF't)) £ 2 OT u(t) cos (2mnF't) dt
by = 2 (u(t) sin (2rnFt)) 2 2 [ u(t) sin (2nnFt) dt

Proof [ag]: 2 (u(t) cos (2n0Ft)) = 2 (u(t))

: E1.10 Fourier Series and Transforms (2014-5379)
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2: Fourier Series

Fourier Analysis

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

@ Fourier Analysis Example
® Linearity

® Summary

Find a, and b, inu(t) = 9 + > 7, (an cos 2mnE't + b, sin 2rnF't)

Answer: a,, = 2 (u(t) cos (2mnFt)) =
b, = 2 (u(t) sin (2rnFt)) =

Proof [ag]: 2 (u(t) cos (2n0Ft)) =

2<()>

) ult

ot
2

) co
) si

ag
2

s (2mnF't) dt
n (2mnF't) dt

ao

: E1.10 Fourier Series and Transforms (2014-5379)

Fourier Series: 2 -8/ 11 '



-1

2: Fourier Series

Fourier Analysis

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

@ Fourier Analysis Example
® Linearity

® Summary

Find a, and b, inu(t) = 9 + > 7, (an cos 2mnE't + b, sin 2rnF't)

Answer: a,, = 2 (u(t) cos (2mnFt)) = (
b, = 2 (u(t) sin (2rnFt)) =

ot
2<()> 2

) cos (2mnE't) dt
)sin (2mnF't) dt
Proof [ag]: 2 (u(t) cos (2n0Ft)) = X

Proof [a,,, n > 0]:
2 (u(t) cos (2mnEt))
= 2 (% cos (2mnFt)) + Y oo, 2(a, cos (2nrE't) cos

+ 572 2(b, sin (2mr F't) cos

% = ao

(2mnFt))
(2mnF't))
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2: Fourier Series

Fourier Analysis

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

@ Fourier Analysis Example
® Linearity

® Summary

Find a, and b, inu(t) = 9 + > 7, (an cos 2mnE't + b, sin 2rnF't)

Answer: a,, = 2 (u(t) cos (2mnFt)) = (
b, = 2 (u(t) sin (2rnFt)) =

ot
2<()> 2

) cos (2mnE't) dt
)sin (2mnF't) dt
Proof [ag]: 2 (u(t) cos (2n0Ft)) = X

Proof [a,,, n > 0]:
2 (u(t) cos (2mnEt))
= 2 (% cos (2mnFt)) + Y oo, 2(a, cos (2nrE't) cos

+ 572 2(b, sin (2mr F't) cos
Term 1: 2 (% cos (2rnFt)) =0

% = ao

(2mnFt))
(2mnF't))
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2: Fourier Series

Fourier Analysis

® Periodic Functions

® Fourier Series

® Why Sin and Cos Waves?
@ Dirichlet Conditions

® Fourier Analysis

® Trigonometric Products

® Fourier Analysis

@ Fourier Analysis Example
® Linearity

® Summary

Find a, and b, inu(t) = 9 + > 7, (an cos 2mnE't + b, sin 2rnF't)

Answer: a,, = 2 (u(t) cos (2mnFt)) = (
by, = 2 (u(t) sin (2rnFt)) = (
Proof [ag]: 2 (u(t) cos (2n0Ft)) = 2 (u ( )> 2

Proof [a,,, n > 0]:
2 (u(t) cos (2mnEt))

ag
2

= 2 (% cos (2mnFt)) + Y oo, 2(a, cos (2nrE't) cos
+ 572 2(b, sin (2mr F't) cos

Term 1: 2 (% cos (2rnFt)) =0
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