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P — Euler's Equation: €' = cosf + 2sin 6 [see RHB 3.3]
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® Averaging Complex 0 __ € (& — 1.7 1 .,—1
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10 —10 g .
Hence: cos§ = <—t— = 1¢@ 4 1e=
. i6_ —if o o
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9 instead of cos 6 and sin 6

Most maths becomes simpler if you use e’
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Fourier Series: u(t) = % + > | (an cos 2mnF't + by, sin 2rnF't)

Substitute: cos f =

u(t) =

10

e and sinf =

i9+

l\DIr—k
N —

%+ T (an (36 + 3e) 4 b (1

o z@ —10
2@ —+ 226

29 s 2Z€—i9))

[0 = 27nFt]
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10

Substitute: cosf = 2¢e%? + Le~ and sinf = —22 et 1 2@6_"'9

l\DIr—k
N —

o (G4 4e7) 40 (i + i)
— 5iby) e2™ET) [0 = 2mnFt]

:%4’2?:1(

u(t)
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3: Complex Fourier Series Fourler Serles ’U/(t) — % _|_ Z (an COS 27TnFt + bn Sln 27TnFt)

oo
@ Euler's Equation n

=1

e~ and sinf = —%z’ew + %ie_w

® Complex Fourier Series

® Averaging Complex Substitute: cos f = %ew +

Exponentials

N

® Complex Fourier Analysis
® Fourier Series <
o

Complex Fourier Series u(t) — % 4 anl <an <%6i9 i %e—w) + b, <_%i€i9 + %ie—w))

® Complex Fourier Analysis
er2mndt) [0 = 27nFt]

Example

00
e Time Shifting — % -+ E 1
n—

® Even/Odd Symmetry

® Antiperiodic => Odd _1_ ZOO (
n=1
(&

Harmonics Only

® Symmetry Examples

oo
® Summary = E U’I’L

| ]
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Fourier Series: u(t) = % + > | (an cos 2mnF't + by, sin 2rnF't)
Substitute: cos = e’ + 2e and sinf = —2ie’? + 2ie™ "

u(t) = F + 300 (an (367 + 3677) +bn (—3ie” + 3ie™"))

5 o
e ((%an = %zbn) ei%”Ft) [0 = 27nFt]
+ 21 ((3an + 3ibn) e72m7)
ZZO:_OO Une’LQﬂ"I’LFt
where
r%an %ibn n>1
U, = < %ao n=~0
| 5@n| + 38bjn) 7 < -1
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Fourier Series: u(t)

@ Euler's Equation

D e

® Complex Fourier Series .
e Averaging Complex Substitute: cosf = 1 + L= and sinf =
Exponentials 2 2
® Complex Fourier Analysis
® Fourier Series <> . .
Complex Fourier Series — ao 0 l 10 l —10 I
® Complex Fourier Analysis 'U,(t) 2 —|— Zn—l <an <2 € —|— 2 € ) —|— bn <
Example
) . __ap o0 1 1L e 12mnF't
@ Time Shifting — = —'— . =~ Y ’Lb (&
® Even/Odd Symmetry 2 Zn_ 1 < < 27 2 n) )
® Antiperiodic = Odd 0 1 1 —12mnF't
Harmcl)nicls Olnly —1_ Zn:l ((§a’n —1_ §an) € )
® Symmetry Examples 0O i
® Summary — Zn:_oo Une’bzﬂ"nFt
where
(1 1 -
s0n — 51by n>1
Un:<%a0 n=20 & Ugy,
1 .
(2%n| t 3tbpn] < 1

(an cos2mnEt + b, sin 2rnF't)

1.6 1. —i0
1€ -+ 1€

1. 10 1: —40

5e -+ 5€ ))

[0 = 27nFt]

[bo = 0]

5 (apn| F ibpn))

: E1.10 Fourier Series and Transforms (2014-5543)

Complex Fourier Series: 3—-3/12 :



-1

3: Complex Fourier Series

Complex Fourier Series

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

Fourier Series: u(t) = 5 + )

Substitute: cos§ = Se' +

u(t) =

Uy =

2

oo
n

6—20

N

n<-—1

=1

and

l€i9+%€_i9)+bn<

~ Uj:n

(an cos2mnEt + b, sin 2rnF't)

sin@ = — et 1 Lje—10

2 2

—Liei? 4 lie_w))

2 2

[0 = 27nFt]

[bo = 0]

= 5 (an Fibjn))

The U,, are normally complex except for Uy and satisfy U,, = U”*
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Substitute: cos = e’ + 2e and sinf = —2ie’? + 2ie™ "

u(t) = B+ 2000 (an (367 + 3677) +bn (—3ie™ + 3ie7"))
=9+ 3,2 ((3an — 3ibn) €277) [0 = 2mnFt]
+5°°  ((3an + 3ib,) e~ 2™t
— ZZO:_OO Un6227rnFt
where o A 0]
(la, —1ib, n>1
| Lapn) + Libjy n < -1

The U,, are normally complex except for Uy and satisfy U,, = U”*

oo

Complex Fourier Series: u(t) = > .77 U,e™™ !

[simpler @]
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Averaging Complex Exponentials

If x(t) has period % for some integer n (i.e. frequency =z = nk):

(x(t)) £ % [, z(t)dt

This is the average over an integer number of cycles.
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This is the average over an integer number of cycles.

For a complex exponential:

(2™ L) — (cos (2mnFt) + isin (2rnFt))
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A 1 T
(@) = T J—o z(t)dt
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0+02 n#0
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If x(t) has period % for some integer n (i.e. frequency =z = nk):
A 1 T
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B 1+0: n=0
- J0+0i n#£0
Hence:
. 1 =0
<6127TnFt> — n [©]
0 n#0
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Complex Fourier Series: u(t) =

o
nN=—oo

U 67327TnFt
n
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S —— Complex Fourier Series: u(t) = > -~ U,e

® Complex Fourier Series

PR To find the coefficient, U,,, we multiply by something that makes all the
Xponentials

e Complex Fourier Analysis terms involving the other coefficients average to zero.
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o0 12mnE't
n=—oo Une

Complex Fourier Series: u(t) =

@ Euler's Equation

® Complex Fourier Series

® Averaging Complex To find the coefficient, U,,, we multiply by something that makes all the

Exponentials

e Complex Fourier Analysis terms involving the other coefficients average to zero.

® Fourier Series <>
Complex Fourler.Serles . t —12mnFt L o0 U 2nrFt —i2nnF't
® Complex Fourier Analysis u (& — _ r € €
rTrT=—00
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o0 12mnE't
n=—oo Une

Complex Fourier Series: u(t) =

To find the coefficient, U,,, we multiply by something that makes all the
terms involving the other coefficients average to zero.

<u(t)€—i2ﬂnFt> — <ZOO e UreiQWTFte—i27rnFt>

=

_ <ZOO - UreiZw(r—n)Ft>

r—=—
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Complex Fourier Series: u(t) =

To find the coefficient, U,,, we multiply by something that makes all the
terms involving the other coefficients average to zero.
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® Summary

All terms in the sum are zero, except for the one when n = r which equals
U.,:
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® Summary

All terms in the sum are zero, except for the one when n = r which equals

U,:
Un — <u(t)€—i27rnFt>

[©]

This shows that the Fourier series coefficients are unique: you cannot have
two different sets of coefficients that result in the same function w(t).
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U,:
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[©]

This shows that the Fourier series coefficients are unique: you cannot have
two different sets of coefficients that result in the same function w(t).

Note the sign of the exponent: “4-” in the Fourier Series but “—” for Fourier

Analysis (in order to cancel out the “+7).
|
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Fourier Coefficients — Complex Fourier Coefficients:
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Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
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® Symmetry Examples

® Summary
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3: Complex Fourier Series
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® Complex Fourier Series

Complex Fourier Series: u(t) =

12mnF't
- Une

® Averaging Complex If v(t) is the same as u(t) but delayed by a time 7: v(t) = u(t — 7)

Exponentials

® Complex Fourier Analysis
® Fourier Series <+
Complex Fourier Series

® Complex Fourier Analysis
Example
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® Even/Odd Symmetry
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® Symmetry Examples

® Summary
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3: Complex Fourier Series

Complex Fourier Series: u(t) =

@ Euler's Equation

® Complex Fourier Series
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12mnF't
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e Averaging Comple If v(t) is the same as u(t) but delayed by a time 7: v(t) = u(t — 1)
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Complex Fourier Series
® Complex Fourier Analysis
Example

® Time Shifting
® Even/Odd Symmetry
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® Symmetry Examples

® Summary
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3: Complex Fourier Series

Complex Fourier Series: u(t) =Y > U, et2mnlt

@ Euler's Equation n——

® Complex Fourier Series

® Averaging Complex If v(t) is the same as u(t) but delayed by a time 7: v(t) = u(t — 1)
Exponentials

® Complex Fourier Analysis . . .

® Fourier Series < U(t) — Z’SLO:—OO UnBZQﬂ-nF(t_T) — Z'ZO:—OO (Une—’L27TnFT) 6227TnFt

Complex Fourier Series
® Complex Fourier Analysis
Example

® Time Shifting
® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary
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3: Complex Fourier Series

Time Shifting

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

Complex Fourier Series: u(t) =

If v(t) is the same as u(t) but delayed by a time 7: v(t) = u(t — 7)

= ZOO UneiQﬂ'nF(t—'r) _ ZOO
— 00

v(t)

n—
_ o0 12t F't

where V,, = U, e~ 2™L'7
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n=-—
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3: Complex Fourier Series

Time Shifting

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

Complex Fourier Series: u(t) =

n=-—

oo 12mnF't
- Une

If v(t) is the same as u(t) but delayed by a time 7: v(t) = u(t — 7)

v(t) _ ZZO:_OO Unei%nF(t—r) _ Z
— ZOO Vn€i27rnFt
nN=—o0
where V,, = U, e~ 2™L'7

Example:
u(t) = 6cos (2 F't)

(©. @]
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(Une—z’27rnFT) €i27TnFt
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3: Complex Fourier Series

Time Shifting

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

Complex Fourier Series: u(t) =

12mnF't
- Une

If v(t) is the same as u(t) but delayed by a time 7: v(t) = u(t — 7)

v(t) _ ZZO:_OO Unei%nF(t—r) _ Z

_ S 12mnE't
where V,, = U, e~ 2™L'7

Example:
u(t) = 6cos (2 F't)

Fourier: a1 = 6,b; =0
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3: Complex Fourier Series

Time Shifting

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

Complex Fourier Series: u(t) =

n=-—

oo 12mnF't
- Une

If v(t) is the same as u(t) but delayed by a time 7: v(t) = u(t — 7)

_ o0 2mnF (t—1) __ oo
U(t) T Zn:—oo Une ( ) T Zn:—oo
_ oo 12 F't
where V,, = U, e~ 2™L'7

Example:
u(t) = 6cos (2 F't)

Fourier: a1 = 6,b; =0

Complex: Uy, = %al T %ibl =3
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3: Complex Fourier Series

Time Shifting

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

Complex Fourier Series: u(t) =

n=-—

oo 12mnF't
- Une

If v(t) is the same as u(t) but delayed by a time 7: v(t) = u(t — 7)

_ o0 2mnF (t—1) __ oo
fU(t) T Zn:—oo Une ( ) T Zn:—oo
_ oo 12 F't
where V,, = U, e~ 2™L'7

Example:
u(t) = 6cos (2 F't)

Fourier: a1 = 6,b; =0

Complex: Uy, = %al T %ibl =3

v(t) = 6sin (27 F't) = u(t — 7)
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3: Complex Fourier Series

Time Shifting

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

Complex Fourier Series: u(t) =

n=-—

oo 12mnF't
- Une

If v(t) is the same as u(t) but delayed by a time 7: v(t) = u(t — 7)

_ o0 2mnF (t—1) __ oo
U(t) T Zn:—oo Une ( ) T Zn:—oo
_ oo 12 F't
where V,, = U, e~ 2™L'7

Example:
u(t) = 6cos (2 F't)

Fourier: a1 = 6,b; =0
Complex: Uy, = %al T %ibl =3
v(t) = 6sin (2w F't

Time delay: 7 =
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3: Complex Fourier Series
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® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

Time Shifting

o
n=-—

Complex Fourier Series: u(t) =

12mnF't
- Une

If v(t) is the same as u(t) but delayed by a time 7: v(t) = u(t — 7)

u(t) =X
— ZOO Vn€i27rnFt
n=—00
where V,, = U, e~ 2™L'7

Example:
u(t) = 6cos (2 F't)

Fourier: a1 = 6,b; =0
Complex: Uy, = %al T %ibl =3
v(t) = 6sin (27Ft)=u(t — 7
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3: Complex Fourier Series

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

Time Shifting

o
n=-—

Complex Fourier Series: u(t) =

12mnF't
- Une

If v(t) is the same as u(t) but delayed by a time 7: v(t) = u(t — 7)

u(t) =X
— ZOO Vn€i27rnFt
n=—00
where V,, = U, e~ 2™L'7

Example:
u(t) = 6cos (2 F't)

Fourier: a1 = 6,b; =0

Complex: Uy, = %al T %ibl =3

v(t) = 6sin (27 F't) = u(t — 7)
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Complex: Vi = Uje %2 = —3i

Vo1 =U_1€'2 = +3i

- Un€i27rnF(t—'r) _ Z

n——oo

5
0

-5

(Une—z’27rnFT) €i27TnFt

SVW
u(t)

0

5 . .

0 0.5 1 15 2

L/M/

0 0.5 1 15 2

Note: If u(t) is a sine wave, U; equals half the corresponding phasor.
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® Summary
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& Complo Pourier Series (1) u(t) real-valued < U, conjugate symmetric [U,, = U* ]

@ Euler's Equation
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® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
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® Complex Fourier Analysis
Example

® Time Shifting
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® Summary
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Even/Odd Symmetry

T (1) u(t) real-valued < U, conjugate symmetric [U,, = U* ]
® Complex Fourier Series (2) u(t) even [’U,(t) — u(—t)] @} U’I’L even [Un p— U—’)’L]

® Averaging Complex
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® Complex Fourier Analysis

® Fourier Series <
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® Symmetry Examples

® Summary
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T (1) u(t) real-valued < U, conjugate symmetric [U,, = U* ]

oCompI(?xFourierISeries (2) u(t) even [’U,(t) — u(—t)] @} U’)’L even [Un p— U—’)’L]

® Averaging Complex

Exponentials (3) 'U,(t) Odd [U(t) = —'U/(_t)] <:> U’I’L Odd [Un — _U_n]
(2)

® Complex Fourier Analysis
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® Summary
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Even/Odd Symmetry

2 Complex Fourior Seres (1) u(t) real-valued < U, conjugate symmetric [U,, = U* ]

@ Euler's Equation

® Complex Fourier Series (2) U t even [’U,(t) — u(—t)] @} U’)’L even [Un p— U—TL]

® Averaging Complex

® Complex Fourier Analysis

o Fourier Series <> (1)+(2) u(t) real & even < Up,real&even[U, =U", = U_,)]

Complex Fourier Series

° Copmplex Fourier Analysis (1)+(3) Uu t real & Odd @
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

(2)
(2)
Exponentials (3) u(t) odd [U(t) = —U(—t)] & Upodd[Uy, = _U—n]
(2)
(2)

U, imaginary & odd [U,, = U*, = —U_,)]
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T (1) u(t) real-valued < U, conjugate symmetric [U,, = U* ]
oiomplnggurierISeries (2) u(t) even [’U,(t) — u(—t)] Rt U’)’L even [Un = U—TL]

@ Averaging Complex

Exponentials . . (3) ’U,(t) Odd [U(t) — —’U/(_t)] <:> U’)’L Odd [Un p— —U—n]
:Emp'sF:'y (1)+(2) u(t) real & even < U, real&even[U, =U* =U_,]
e (1)+@3) u(t) real&odd < U, imaginary &odd [U,, = U*, = —U_,,]
IiX:inr;erShifting

e Ever/0dd Symmety Proof of (2): u(t) even = U, even

) Antlpgrlodlc = Odd 1 o —?:27T(—7’L)Ft

Harmonics Only U_n — T fo ’U/(t)e dt

® Symmetry Examples

® Summary
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2 Complex Fourior Seres (1) u(t) real-valued < U, conjugate symmetric [U,, = U* ]

@ Euler's Equation

® Complex Fourier Series (2) U t even [’U,(t) = 'U,(—t)]

® Averaging Complex

(
(
Exponentials (3) U(t
(
(

)

) & Ujeven|U, =U_,]
)odd [u(t) = —u(—t)] < U, odd[U, = —U_,]
)

)

U, imaginary & odd [U,, = U*, = —U_,)]

® Complex Fourier Analysis

o Fourier Series < (1)+(2) u(t) real & even < Up,real&even[U, =U", = U_,)]
Complex Fourier Series

® Complex Fourier Analysis (1)+(3) Uu t real & Odd @

Example

® Time Shifting

® Even/Odd Symmetry Proof of (2): u(t) even = U, even

® Antiperiodic = Odd

: T
Harmonics Only S l
U_n =7 fo u(t

® Symmetry Examples
T

T a::Ou

® Summary 1

)e—iQW(—n)Ftdt

(_x)e—i%rnFa: (—dx)

[substitute x = —7]
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Even/Odd Symmetry

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
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Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

(1) u(t) real-valued < U, conjugate symmetric [U,, = U* ]

(2) u(t) even [u(t) = u(—t)]

t

—nNn

< Upeven[U, =U_,]
& U,odd[U, = -U_,]

(1)+(2) u(t) real & even < Up,real&even[U, =U", = U_,)]

(
(
(3) u(
(
(

)
)
; odd [u(t) = —u(—t)]
)

(D+(3) u(t) real & odd &

U, imaginary & odd [U,, = U*, = —U_,)]

Proof of (2): u(t) even = U, even

U_n

1 T
T Jx=0 o
1 rO

T Je=—T

u(—x)e

% fOT u(t)e—z’QW(—n)Ftdt

(_x)e—i%rnFa: (—dx)

—z'27rnFa:dx

[substitute x = —7]

[reverse the limits]
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Even/Odd Symmetry
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® Averaging Complex
Exponentials
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® Fourier Series <
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® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

(1) u(t) real-valued < U, conjugate symmetric [U,, = U* ]
(2) u(t) even [u(t) = u(—t)] < U,even[U, =U_,]
@) u(t) odd [u(t) = —u(—t)] < U, odd[U, = —U_,]
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Proof of (2): u(t) even = U, even
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—T
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3: Complex Fourier Series

Even/Odd Symmetry

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

(1) u(t) real-valued < U, conjugate symmetric [U,, = U* ]

(2) u(t) even [u(t) = u(—t)] < U,even[U, =U_,]

@) u(t) odd [u(t) = —u(—t)] < U, odd[U, = —U_,]
(1)+(2) u(t) real & even < Up,real&even[U, =U", = U_,)]
(1)+@3) u(t) real &odd <« U, imaginary & odd [U,, =U* = —U_,]

Proof of (2): u(t) even = U, even
U_n — %fOT u(t)e—iQﬂ'(—n)Ftdt
—T

= & [ u(—z)e P ET(—dg) [substitute & = —t]
— % Q?Z_T u(—x)e 2™Ee dy [reverse the limits]
= = a(:):—T w(x)e 2™y = U, leven: u(—x) = u(z)]

Proof of (3): u(t) odd = U, odd
Same as before, except for the last line:
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3: Complex Fourier Series

Even/Odd Symmetry

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

(1) u(t) real-valued < U, conjugate symmetric [U,, = U* ]
(2) u(t) even [u(t) = u(—t)] <« U,even[U, =U_,]

(1)+(2) u(t) real & even < Up,real&even[U, =U", = U_,)]

(t)
(t)
3) u(t) odd [u(t) = —u(—t)] < U, odd[U, = —U_,]
(t)
(t)

(1)+@3) u(t) real &odd <« U, imaginary & odd [U,, =U* = —U_,]

Proof of (2): u(t) even = U, even
U_n — %fOT u(t)e—iQﬂ'(—n)Ftdt

_ % :1::7(; u(—x)e_i%an(—daS)
— % ;[(;):—T u(_x)e—z'QﬂnFazdx
= = a?:_T w(x)e 2™y = U,

Proof of (3): u(t) odd = U, odd
Same as before, except for the last line:

_ 1 (0 —i2mnFx _
=7 | __r—u(z)e de = —-U,

[substitute x = —7]

[reverse the limits]

leven: u(—x) = u(z)]

[odd: u(—z) = —u(x)]
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3: Complex Fourier Series

@ Euler's Equation

® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry

® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

A waveform, u(t), is anti-periodic if u(t + 17 = —ul(t).
D @il R S If u(t) is anti-periodic then U,, = 0 for n even.
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3: Complex Fourier Series

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry
® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

Antiperiodic = Odd Harmonics Only

A waveform, u(t), is anti-periodic if u(t + 17) = —ul(t).
If u(t) is anti-periodic then U,, = 0 for n even.

Example:

Uy.s = [0, 3+ 21,0, 1, 0, 1]
Odd harmonics only <

Second half of each period is the
negative of the first half.

U[0:5]=[0, 3+2}, 0, j, O, 1]
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3: Complex Fourier Series

S — A waveform, u(t), is anti-periodic if u(t + %T) = —u(t).
D @il R S If u(t) is anti-periodic then U,, = 0 for n even.
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(2) v(t) equals u(t) but delayed by —%

: T
— Vn — Unez27rnF7

Example:
Uy.s = [0, 3+ 21,0, 1, 0, 1]
Odd harmonics only < ol

U[0:5]=[0, 3+2}, 0, j, O, 1]

Second half of each period is the

Wi

o\
\J

v

negative of the first half. —

-0.5 0 0.5

1

: E1.10 Fourier Series and Transforms (2014-5543)

Complex Fourier Series: 3—-10/12 :



-1

Antiperiodic = Odd Harmonics Only

3: Complex Fourier Series

S — A waveform, u(t), is anti-periodic if u(t + %T) = —u(t).
D @il R S If u(t) is anti-periodic then U,, = 0 for n even.

® Averaging Complex
Exponentials

® Complex Fourier Analysis PrOOf
® Fourier Series <>

Complex Fourier Series Deflne ’U(t) — u(t —|— %)’ then

® Complex Fourier Analysis
Example

e Time Shifting (1) U(t) — —u(t) = Vn — _Un
® Even/Odd Symmetry
® Antiperiodic = Odd

Harmonics Only (2) v(t) equals u(t) but delayed by —%

® Symmetry Examples

® Summary

_ 2rnEFL )
= Vo = Upe??™F 7 = Upe™™

Example:
Uos.s = |0, 3+ 24, 0, 4, 0, 1] U[:SI=[0, 3+2}, 0, ], 0, 1]
Odd harmonics only <> 'l A A/‘”\A A/” /
Second half of each period is the 2 v \\/ \/ % \,\/ \/ \s

negative of the first half. R 0 05 1

: E1.10 Fourier Series and Transforms (2014-5543) Complex Fourier Series: 3—-10/12 :



-1

3: Complex Fourier Series

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry
® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

Antiperiodic = Odd Harmonics Only

A waveform, u(t), is anti-periodic if u(t + 17) = —ul(t).
If u(t) is anti-periodic then U,, = 0 for n even.

Proof:
Define v(t) = u(t + %), then

Q) v(t) = —u(t) =V, =-U,
(2) v(t) equals u(t) but delayed by —%

_ 2mnFL inmT __
= Vo, = Upe?®™F 2 = U, e =

Example:
Uy.s = [0, 3+ 21,0, 1, 0, 1]

Odd harmonics only < 5¢

Second half of each period is the
negative of the first half.

U, n even
—U,, nodd
U[0:5]=[0, 3+2}, 0, j, 0, 1]
e

Wi

o\
\J

v

-1

-0.5 0 0.5

1

: E1.10 Fourier Series and Transforms (2014-5543)

Complex Fourier Series: 3—-10/12 :



-1

3: Complex Fourier Series

@ Euler's Equation

® Complex Fourier Series
® Averaging Complex
Exponentials

® Complex Fourier Analysis
® Fourier Series <
Complex Fourier Series

® Complex Fourier Analysis
Example

® Time Shifting

® Even/Odd Symmetry
® Antiperiodic = Odd
Harmonics Only

® Symmetry Examples

® Summary

Antiperiodic = Odd Harmonics Only

A waveform, u(t), is anti-periodic if u(t + 17) = —ul(t).
If u(t) is anti-periodic then U,, = 0 for n even.

Proof:
Define v(t) = u(t + %), then

Q) v(t) = —u(t) =V, = -U,

T
(2) v(t) equals u(t) but delayed by — =

_ 2mnFL inmT __
= Vo, = Upe?®™F 2 = U, e =

Hence forn even: V,, = —U,, =

Example:

Uy.s = [0, 3+ 21,0, 1, 0, 1]
Odd harmonics only <

Second half of each period is the
negative of the first half.

Un

U, n even
—U,, nodd
U[0:5]=[0, 3+2}, 0, j, 0, 1]

Wi

o\
\J

v

-1

-0.5 0 0.5

1

: E1.10 Fourier Series and Transforms (2014-5543)

Complex Fourier Series: 3—-10/12 :



-1

Antiperiodic = Odd Harmonics Only

3: Complex Fourier Series

@ Euler's Equation

® Averaging Complex
Exponentials

® Complex Fourier Analysis PrOOf
® Fourier Series <>

Complex Fourier Series Deflne ’U(t) — u(t —|— %)’ then

® Complex Fourier Analysis
Example

e Time Shifting (1) U(t) — —u(t) = Vn — _Un
® Even/Odd Symmetry
® Antiperiodic = Odd

Harmonics Only (2) v(t) equals u(t) but delayed by —%

® Symmetry Examples

® Summary

_ 2mnFL inmT __
= Vo, = Upe?®™F 2 = U, e =

A waveform, u(t), is anti-periodic if u(t + 17) = —ul(t).
D @il R S If u(t) is anti-periodic then U,, = 0 for n even.

U, n even

—U,, nodd

Hence forneven: V,, = -U,, =U,, = U, =0

Example:
Uos.s = |0, 3+ 24, 0, 4, 0, 1] U[:SI=[0, 3+2}, 0, ], 0, 1]
Odd harmonics only <> 'l A A/‘”\A A/” /
Second half of each period is the 2 v \\/ \/ % \,\/ \/ \s
negative of the first half. - L L - |

: E1.10 Fourier Series and Transforms (2014-5543)

Complex Fourier Series: 3—-10/12 :



-1

Symmetry Examples

& Complo Pourier Series All these examples assume that u(t) is real-valued < U_,, = U} ..
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3: Complex Fourier Series

All these examples assume that u(t) is real-valued < U_,, = U} ..
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Fourier Series:

u(t) =% + > (an cos2mnFt + by, sin 2rnFt)
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n=——

o U, = <u(t)€—z'27mFt> 'y %foT u(t)e= 2 nEt gt

12t F't
o U@

o Since u(t) is real-valued, U, = U*

o FS—CFS: Uy,

1 -1
58|n| F 150
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< odd harmonics only < as,, = bs, = Us,, = 0 Vn
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e Complex Fourier Series: u(t) = >~ U, et2mnEt
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For further details see RHB 12.3 and 12.7.
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