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Suppose we have two signals with the same period, T' = %
u(t) = S5 U,ei2mFt
= ()= Ure w2mnit [u(t) = u*(t) if real]
o(t) = S50 Ve

Now multiply u*(¢) and v(t) together and take the average over [0, T.
[Use different “dummy variables”, n and m, so they don't get mixed up]

(W (t)v(t)) = (i Une 230 o Ve i)
— Z;’LO:_OO U; Zfr?:—oo Vm <6—i27rnFt€i27TmFt>
D DN T DN (R (Y

The quantity (---) equals 1 if m = n and 0 otherwise, so the only non-zero
element in the second sum is when m = n, so the second sum equals V.

(w*v(t)) = 2ne o UnVn

If o(t) = u(t) we get: <yu(t)|2> = U U, =5 (UL

Hence Parseval's theorem:
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[Manipulating sums]

If you have a multiplicative expression involving two or more sums, then you must use different dummy
variables for each of the sums:

2p af(n) 22, bg(m)
(1) You can always move any quantities to the right
2n af(n) 22, bg(m) =32, a2, bf(n)g(m)
=2 n 2um abf(n)g(m)

(2) You can move quantities to the left past a summation provided that they do not involve the dummy

variable of the summation:
Don 2om abf(n)g(m) =%_, af(n)>_,, bg(m)
# 2 naf(n)g(m)_,, b

The last expression doesn’t make sense in any case since m is undefined outside ) | .

(3) You can swap the summation order if the sum converges absolutely

dondombn,m)=>"_ > h(n,m) provided that > > |h(n,m)| < oo

The equality on the left is not necessarily true if the sum does not converge absolutely. Of course,
if the sum has only a finite number of terms, it is bound to converge absolutely.
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The average power of a periodic signal is given by P, £ <|u(t)|2>

This is the average electrical power that would be dissipated if the
signal represents the voltage across a 12 resistor.

Parseval’'s Theorem: P, = <\u(t)|2> =5y |Un|2

n=—0o0
= |Uo)® +232°°, |U,|? [assume wu(t) real]
_ 1.2, 1\ 2 2 _ an—iby
— ZaO —|— B) Zn:1 (Cl,n —|— bn) [U—f—n — a 22 ]
Parseval’s theorem = the average power in u(t) is equal to the sum of the
average powers in each of its Fourier components.

Example: u(t) =2+ 2cos2nFt + 4sin 2w F't — 2sin 6w F't

<|u(t)\2> =441 (224424 (-2)?) =16

uf0:3]=[2, 1-2j, 0, ]] u[0:3]=[2, 1-2j, 0, ]]
8
?1 60
€7 g gg P =<u?>=16
4 , , N VAV _\V
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Time (s) Time (s)

Uns =[2,1—2i,0,i] = |Up|” +23 02, |Un|* =16
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Magnitude Spectrum and Power Spectrum
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The spectrum of a periodic signal is the values of {U,,} versus nF'.

The magnitude spectrum is the values of {|U,|} = {%\/afm + b? }

id

The power spectrum is the values of {|Un|2} = {i (afnl + b|2n|> }

Example:
u(t) =2+ 2cos2nFt + 4sin 2w F't — 2sin 6w F't
Fourier Coefficients: ag.3 = [4, 2, 0, 0] bi.3 = 4, 0, —2]
Spectrum: U_3.3 =[—4, 0, 1+ 24, 2, 1 — 24, 0, 4]
Magnitude Spectrum: |U_s.3| = [1, 0, v5, 2, V5, 0, 1}

Power Spectrum: |U244| =1, 0, 5, 4, 5, 0, 1] > = (u*(t))]
2’ I I I 5 2=16
0 -3 -2 1 0 1 2 3 0 -3 -2 1 0 1 2 3

Frequency (Hz) Frequency (Hz)

The magnitude and power spectra of a real periodic signal are symmetrical.

A one-sided power power spectrum shows Uy and then 2 \Un|2 for n > 1.
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Product of Signals
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onvolution 50 > jo

Parseval's Theorem U t — U 62 ™n

(a.k.a. Plancherel’s ( ) Zn:—oo n

Theorem) . 00 i2rmFt

Power Conservation U(t> _ Zm:—oo V’I’Le

Magnitude Spectrum

and Power Spectrum I'F w(t) p— u(t)/v(t) then WT‘ — Z::LD:—OO Ur—mvm é U?“ * VT

> Product of Signals

Convolution P 'F

Properties roor:

Convolution Example _ _ o0 12t F't o0 12mmF't
Convolution and w(t) o U(t)v(t) T Zn:—oo U’ne Zm:_oo Vme
Polynomial .

Multiplication — ZSLO:_OO Zzz_oo U’I’L Vme’L27T(m+n)Ft

Summary

Now we change the summation variable to use r instead of n:
r=m-4+n=mn=1r—m

This is a one-to-one mapping: every pair (m, n) in the range oo

corresponds to exactly one pair (m, r) in the same range.

w(t) =370 o Yoo Urem Vin €2 =300 W,e?m

where W, =" U,_,Vin £ U, % V,.
W, is the sum of all products U, V,,, for which m +n =r.

The spectrum W,. = U,. * V.. is called the convolution of U, and V..
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Convolution behaves algebraically like multiplication:
1) Commutative: U, x V,, =V, x U,
2) Associative: U, x V. x W, = (U, x V,.) x W,. = U,. %
3) Distributive over addition: W,. x (U, + V,.)

rzo,thenIT*UrzUr

(Ve x W)
=W, xU, + W, xV,

1
4) ldentity Element or “1": If I,. = {O
.

Proofs: (all sums are over +£00)

1) Substitute for m: n=r—m<< m=r —n
Zm U Vin = Zn UnVi—n

2) Substitute forn: k=r4+m-—-n< n=r+m-—=k

Z ((Z Un-mV, ) ):Zk((z Ur—Vim )Wk m)
=2 5 2m Ur—kVim Wk m =21 Ur—k Qo VWi —m))

) Z W m( Un + Vin ): ZmWT—mUm+ZmWr—me
4) I,_ Uy, = 0 unless m = r. Hence ) I._,, Uy, =U,.

[1 <> 1 for any 7]

[1 <> 1]
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10 4 8 sin 27t

u(t)

v(t) = 4 cos b7t

U—l:l — [47’7 ma _47’] V—3:3 — [27 07 07 Qa 07 07 2]
g 50
gmM/W go g o
f 50
L 1 0 1 2 T2 1 0 1 2 2 1 0 1 2
Time (s) Time (s) Time (s)
10 2 20
S s I >1 I I 2 10 I I
0 1 0 1 3% 2 1 0 1 2 3 "% 3 2 1 0 1 2 3 a4

Frequency (Hz) Frequency (Hz) Frequency (Hz)

w(t) = u(t)v(t) = (10 + 8sin 27t) 4 cos 67t
= 40 cos 67t + 32 sin 27t cos 67t
= 40 cos 67t + 16sin 87t — 16 sin4nt
W_4.4 = (81, 20, =83, 0, 0, 0, 8¢, 20, —81]

To convolve U,, and V,,:
Replace each harmonic in V,, by a scaled copy of the entire {U,,}
(or vice versa) and sum the complex-valued coefficients of any
overlapping harmonics.
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Convolution and Polynomial Multiplication
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Two polynomials: w(z) = Uzz® + Usx? + Uiz + Uy
v(z) = Vox? + Viz + V

Now multiply the two polynomials together:
w(z) = u(z)v(z)
= U3V2£C5 + (U3V1 + UQVQ) SE4 + (UgVo + U2V1 + U1V2) SES
+ UV + Uy Vi + UpgVa) 22 + (U1 Vo + Ug Vi) & +U Vg

The coefficient of 2" consists of all the coefficient pair from U and V where
the subscripts add up to r. For example, for r = 3:

Wy = UsVo + UV + Un Vo= 37 _ Us_ i Vim

If all the missing coefficients are assumed to be zero, we can write
W,r — Zfr?:—oo Ur—mvm é UT * ‘/7“

So, to multiply two polynomials, you convolve their coefficient sequences.

Actually, the complex Fourier Series is iust a polynomial:
u(t) — ZZO:_OO UneizwnFt _ ZZO:_OO Un (6’i27TFt)n
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Summary
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> Summary

Parseval's Theorem: (u*(¢)v(t)) =>07 UV,

n=

)= U

o Power Conservation: <\u
o or in terms of a,, and b,,:

(@) = fad+ 5 02, (a2 +12)

Linearity: w(t) = au(t) + bv(t) & W, = al,, + bV,

Product of signals < Convolution of complex Fourier coefficients:
w(t) =ut)v(t) & Wy =Unx Vo 2300 Un-mVin

Convolution acts like multiplication:
o Commutative: U xV =V xU
o Associative: U x V x W is unambiguous
o Distributes over addition: U x (V4+W)=UxV +U «W
o Has an identity: I,. =1 if r = 0 and = 0 otherwise

Polynomial multiplication < convolution of coefficients

For further details see RHB Chapter 12.8.
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