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We will see that if a periodic function, v(t), is discontinuous, then its
Fourier series behaves in a strange way.

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-2/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T

1

F

= 20, width=5T", height A = 1

1
0.5
0

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

Discontinuous Waveform

5: Gibbs Phenomenon

. 1 _ : —1 - _ 1
@ Discontinuities PU|Se T - f _ 201 Wldth_§T1 helght A - 1

0.5
® Discontinuous Waveform 0
® Gibbs Phenomenon U . l f05T Ae—zQﬂ-mFtdt 0 5 10 15 20
@ Integration m T 0

@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T

Un,

F

1 0.5
T Jo

) [e—iZﬂ'mFt]

- 2mrmE'T

+ = 20, width=2T', height A = 1

Ae—z’QWmFtdt

0

0.5T

1
0.5
0

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T

Un,

F

1 0.5
T Jo

) [e—iZﬂ'mFt]

2mrmE'T

2mm

+ = 20, width=2T', height A = 1

Ae—iQWmFtdt

0

7 (e—iwm o 1)

0.5T

1
0.5
0

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

Discontinuous Waveform

@ Discontinuities

5: Gibbs Phenomenon PUISe: T — l — 20, W|dth=%T, he|ght A — 1

F

@ Discontinuous Waveform

. 0.5T g
® Gibbs Phenomenon Um 1 Ae 12mmFE't dt

T Jo

@ Integration
@ Rate at which coefficients

decrease with m _ 7 |:€—’I:27TmFt]

_ (=)™ —1)

e Differentiation 2TmEBT

® Periodic Extension ) —1TTm
e 2 Periodic Extension: T 2mm (6 o
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

1
0.5
0

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T' = + = 20, width=57", height A = 1

0.5T .
Um :% 0 Ae zmeFtdt

_ i [e—wmet] 0.57

2mmF'T 0
g —irm 1) — (=1)"™—=1)q
T 2mm (6 1) o 2Tm

r

0 m#0, even
=405 m=0
=t modd

\ M7

1
0.5
0

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T' = + = 20, width=57", height A = 1

0.5T o
Um _ 1 AG zmeFtdt

T Jo
_ i [e—z’meFt]O°5T

2mmE'T 0
g —irm 1) — (=1)"™—=1)q
T 2mm (6 1) o 2Tm

4

0 m#0, even
=405 m=0
=t modd

\ M7
So, u(t) = 5 + = (sin27Ft + 5 sin 6w F¢
_1_

%Sinl()ﬂ'Ft—l—...)

1
0.5
0

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T' = + = 20, width=57", height A = 1

0.5T o
Um _ 1 AG zmeFtdt

T Jo
_ i [e—z’meFt]O°5T

2mmE'T 0
g —irm 1) — (=1)"™—=1)q
T 2mm (6 1) o 2Tm

4

0 m#0, even
=405 m=0
=t modd

\ M7
So, u(t) = 5 + = (sin27Ft + 5 sin 6w F¢
+% sin 10w F't 4 .. )

Define: u (t) — ZZ:_N Umei%mFt

1
0.5
0

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation
® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T' = + = 20, width=57", height A = 1

F
Um — % 00'5T Ae—iQWmFtdt
= e T [€_¢2met]8-5T
e
(

0 m#0, even
=405 m=0
=t modd

\ M7
So, u(t) = 5 + = (sin27Ft + 5 sin 6w F¢
+% sin 10w F't 4 .. )

Define: u (t) — ZZ:_N Umei%mFt

1
0.5
0

0 5 10 15 20
1 -—
max(u,)=0.500
0.5
op— " : .
0 5 10 15 20

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T' = + = 20, width=57", height A = 1

F
Um — % 00'5T Ae—iQWmFtdt
= e T [e—izmet]g-W
-l () =
(

0 m#0, even
=405 m=0

=L modd

\ M7
So, u(t) = 5 + = (sin27Ft + 5 sin 6w F¢
+% sin 10w F't 4 .. )

Define: u (t) — ZZ:_N Umei%mFt

1
0.5
0
0 5 10 15 20
1 -—
max(u,)=0.500
0.5
ob— " | : .
0 5 10 15 20
1 .
max(u,)=1.137 7
0.5
N=1
0 . ] . p—— A
0 5 10 15 20

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation
® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T' = + = 20, width=57", height A = 1

F
0.5T .
Um — % ) Ae zmeFtdt

_ i [e—wmet] 0.57

2mmF'T 0
g —irm 1) — (=1)"™—=1)q
T 2mm (6 1) o 2Tm

r

0 m#0, even
=405 m=0
=t modd

\ M7
%+ % (Sin27TFt+ %Sin67rFt
+ SiIllOﬂ'Ft—i—...)

So, u(t) =

1
5

Define: u (t) — ZZ:_N Umei%mFt

1
0.5
0
0 5 10 15 20
1 -—
max(u,)=0.500
0.5
ob— " | : .
0 5 10 15 20
1 .
max(u,)=1.137 7
0.5
N=1
0 . ] . p—— A
0 5 10 15 20
1 _ 7C
max(u,)=1.100
0.5
0 N=3
0 5 10 15 20

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T' = + = 20, width=57", height A = 1

0.5T o
Um _ 1 AG 227TmFtdt

T Jo
_ i [e—z’meFt]()'E’T

2mmE'T 0
g —irm 1) — (=1)"™—=1)q
T 2mm (6 1) o 2Tm

4

0 m#0, even
=405 m=0
=t modd

\ M7
So, u(t) = 5 + = (sin27Ft + 5 sin 6w F¢
+% sin 10w F't 4 .. )

Define: u (t) — ZZ:_N Umei%mFt

i

10

15

max(u,)=0.500

20

N=0

10

N=1

15

max(u,)=1.137

20

L~

———

10

N=3

15

max(u,)=1.100

20

-

10

N=5

15

20

max(us):1.094 7

10

15

20

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T' = + = 20, width=57", height A = 1

0.5T .
Um :% ; Ae zmeFtdt

_ i [€—i27rmFt] 0.57

2mmF'T 0
g —irm 1) — (=1)"™—=1)q
T 2mm (6 1) o 2Tm

r

0 m#0, even
=405 m=0
=t modd

\ M7
%+ % (Sin27TFt+ %Sin67rFt
+ SinlOwFt+...)

So, u(t) =

1
5

Define: u (t) — ZZ:_N Umei%mFt

1
0.5
0
0 5 10 15 20
1 -—
max(u,)=0.500
0.5
ob— " | :
0 5 10 15 20
1 _
max(u,)=1.137 7
0.5
N=1
0 . ] . p—— A
0 5 10 15 20
1 _
max(u,)=1.100 [/
0.5
0 N=3
0 5 10 15 20
1 _
max(u,)=1.094 /
0.5
0 N=5
0 5 10 15 20
1 max(u,)=1.089 [
0.5
0 ) N:.41 . . .
0 5 10 15 20

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T' = + = 20, width=57", height A = 1

F
0.5T .
Um — % ; Ae zmeFtdt

i [€—i27rmFt] 0.57

2mmF'T 0
g —irm 1) — (=1)"™—=1)q
T 2mm (6 1) o 2Tm

r

0 m#0, even
0.5 m=0
=t modd

\ M7
%+ % (Sin27TFt+ %Sin67rFt
+ SinlOwFt+...)

So, u(t) =
1
5

Define: u (t) — ZZ:_N Umei%mFt

un (0) = 0.5 VN

1
0.5
0
0 5 10 15 20
1 -—
max(u,)=0.500
0.5
ob— " | :
0 5 10 15 20
1 _
max(u,)=1.137 7
0.5
N=1
0 . ] . p—— A
0 5 10 15 20
1 _
max(u,)=1.100 [/
0.5
0 N=3
0 5 10 15 20
1 _
max(u,)=1.094 /
0.5
0 N=5
0 5 10 15 20
1 max(u,)=1.089 [
0.5
0 ) N:.41 . . .
0 5 10 15 20

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Discontinuous Waveform

. 1 _ . 1 : _
e —— Pulse: T' = + = 20, width=5T', height A=1 0_; r
® Discontinuous Waveform 05T 0
- . _ 5 0 5 10 15 20
S U = 4 fy *" ety 1 i
max(u,)=0.500
e Rate at which coefficients ) ) 0.5T os (Ug)
decrease with m — ? [6—2271'771, Ft] : . N=O
e Differentiation 2rmFBPT 0 0 5 10 15 20
® Periodic Extension - ) —1TTm . ((— 1 ) m— 1)’i 1 max(u. )=
e 2 Periodic Extension: T 2m™m (6 o 1) o 2mm 05 )=1437 7
Method (a) / 0 X N.:l S~
° t2 Periodic Extension: O m # O even 0 5 10 15 20
Method (b) ) . )
® Summary — < 05 m=20 . max(u,)=1.100 7C
. 0 N=3
=1 0 5 10 15 20
. —— modd 1
max(us):1.094 7Q(
05
So, u(t) = 2 + 2 (sin 27 Ft + = sin 67 F¢ 0 v
2 17T 3 0 5 10 15 20
+=sin 107 FE + .. ) . -
05
0 N=41
0 5 0 15 20

Define: u (t) — ZZ:_N Umei%mFt

un (0) = 0.5 VN

max, un(6) o233ty Jg 5t 10895

: E1.10 Fourier Series and Transforms (2014-5559) Gibbs Phenomenon: 5-3/11 :



-1

5: Gibbs Phenomenon

Discontinuous Waveform

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Pulse: T' = + = 20, width=57", height A = 1
Up = & [1°° demi2nmFPigy
= e [
= i (77— 1) = (g
f

0 m#0, even
0.5 m=0
=t modd

\ M7
%+ % (Sin27TFt+ %Sin67rFt
+ SinlOwFt+...)

So, u(t) =
1
5

Define: u (t) — ZZ:_N Umei%mFt

un (0) = 0.5 VN

max, un(6) o233ty Jg 5t 10895

1
05
0
0 5 10 15 20
1 max(y,)=0.500
05
o0— M .
0 5 10 15 20
1 max(u)=1.137 [ 7
05
N=1
0 . ] . p—— A
0 5 10 15 20
. max(u,)=1.100 7C
05
o N=3
0 5 10 15 20
1 max(u,)=1.094 73‘
05
o N=5
0 5 10 15 20
1 max(u,)=1.089 [
05
o N1 . |
0 5 10 15 20
1 _
max(u,,)=1.089 /
05 /
0
1 05 0 05 1

[Enlarged View: u41 ()]

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-3/11 '



-1

5: Gibbs Phenomenon

Gibbs Phenomenon

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Truncated Fourier Series: uy (t) = >

N
m=—N

U 6i27rmFt
m

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-4/11 '



-1

5: Gibbs Phenomenon

Gibbs Phenomenon

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Truncated Fourier Series: uy (t) = >

N

m=—

N Ume

If u(t) has a discontinuity of height b at ¢ = a then:

(1) un(a) — lime g

u(a—e)+u(a+e)

2

12mmF't

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-4/11 '



Gibbs Phenomenon

5: Gibbs Phenomenon

. . N ;
B —— Truncated Fourier Series: uy (t) = Y.,y Uy, e™™mE?
@ Discontinuous Waveform i i . i
e Gibbs Phenomenon If u(t) has a discontinuity of height b at ¢ = a then:
@ Integration
@ Rate at which coefficients (1) 'U/N(a/) — llm u(a—e)—l—u(a—i—e)
decrease with m N 500 e—0 2
o Differentiation
® Periodic Extension
) t2 Periodic Extension:
Method (a)
) t2 Periodic Extension:
Method (b)
® Summary
Example
1 N
UN<O — O 5 05
N —00 0
0 5 10 15 20
! max(u4l)=1.089 r“‘.-
0.5
0 N=41
0 5 10 15 20
1 max(u, )=1.089
0.5
0
1 0.5 0 0.5 1

: E1.10 Fourier Series and Transforms (2014-5559) Gibbs Phenomenon: 5-4/11 :



Gibbs Phenomenon

5: Gibbs Phenomenon

B —— Truncated Fourier Series: uy (t) = Y.,y Uy, e™™mE?
@ Discontinuous Waveform i i . i
e Gibbs Phenomenon If u(t) has a discontinuity of height b at ¢ = a then:
@ Integration
@ Rate at which coefficients (1) 'U/N(a/) — llm u(a—e)—l—u(a—i—e)
decrease with m N 500 e—0 2
o Differentiation . . .
o Periodic Extension (2) un (t) has an overshoot of about 9% of b at the discontinuity.
) t2 Periodic Extension:
Method (a)
) t2 Periodic Extension:
Method (b)
® Summary
Example
1 _
UN<O — O 5 05
N —00 0
0 5 10 15 20
1 max(u,,)=1.089 [~~~
0.5
0 N=41
0 5 10 15 20
1 max(u, )=1.089
0.5
G "
1 0.5 0 0.5 1

: E1.10 Fourier Series and Transforms (2014-5559) Gibbs Phenomenon: 5-4/11 :



Gibbs Phenomenon

5: Gibbs Phenomenon

® Disconfiniies Truncated Fourier Series: uy (t) = Y.,y Uy, e™™mE?
@ Discontinuous Waveform . . . .
e Gibbs Phenomenon If u(t) has a discontinuity of height b at ¢ = a then:
@ Integration
° Rateatwhich coefficients (1) 'U/N(a/) — llme_>0 u(a’_e)+u(a’+e)
decrease with m N 500 2
@ Differentiation
o Periodic Extension (2) un (t) has an overshoot of about 9% of b at the discontinuity. For
2 i i i . - - -
ety esen large N the overshoot moves closer to the discontinuity but does
;Aefo:‘;g‘;’dic Bxtension: not get smaller (Gibbs phenomenon).
® Summary
Example
1 —
UN(O H O 5 05
N —00 0
0 5 10 15 20
1 max(u4l)=1.089 r“‘.-
0.5
0 . N:.41 . . .
0 5 10 15 20
M max(u,,)=1.089
0.5
G "
1 0.5 0 0.5 1

: E1.10 Fourier Series and Transforms (2014-5559) Gibbs Phenomenon: 5-4/11 :



Gibbs Phenomenon

5: Gibbs Phenomenon

o Discontinuities Truncated Fourier Series: un () = >~ _ U, el2rmEt
@ Discontinuous Waveform i . . .
e Gibbs Phenomenon If u(t) has a discontinuity of height b at ¢ = a then:
@ Integration
@ Rate at which coefficients (1) 'U/N(a/) — llm 0 u(a—e)—l—u(a—i—e)
decrease with m N 500 e— 2
o Differentiation . . ]
o Periodic Extension (2) un (t) has an overshoot of about 9% of b at the discontinuity. For
2 eriodic Extension: g . .
o @ e large /V the overshoot moves closer to the discontinuity but does
;Aefo;;;i)odic Extension: not get smaller (Gibbs phenomenon). In the limit the overshoot
g
o Summary equals (—% — % 0 Sl?tdt) b ~ 0.0895b.
Example:
. -
U N(O) — 0.5 05
N — 00 0
0 5 10 15 20
1 max(u,,)=1.089 [~~~
0.5
0 N=41
R R TR
1 max(u, )=1.089
0.5
G "
1 0.5 0 0.5 1

: E1.10 Fourier Series and Transforms (2014-5559) Gibbs Phenomenon: 5-4/11 :



Gibbs Phenomenon

5: Gibbs Phenomenon

o Discontinuities Truncated Fourier Series: un () = >~ _ U, el2rmEt
@ Discontinuous Waveform i . . .
e Gibbs Phenomenon If u(t) has a discontinuity of height b at ¢ = a then:
@ Integration
@ Rate at which coefficients (1) 'U/N(a/) — llm 0 u(a—e)—l—u(a—i—e)
decrease with m N 500 e— 2
o Differentiation . . ]
o Periodic Extension (2) un (t) has an overshoot of about 9% of b at the discontinuity. For
2 eriodic Extension: g . .
o @ e large /V the overshoot moves closer to the discontinuity but does
;Aefo;;;i)odic Extension: not get smaller (Gibbs phenomenon). In the limit the overshoot
1 1 (7T sint ~
o Summary equals (—5 + = J, =3 dt) b ~ 0.0895b.
Example:
1 -
uN(O) N% 0.5 05
— 00
’ 0 5 10 15 20
max; uy(t) — 1.0895... 1
N—oc0 o max(u,,)=1.089 [~~~
.c N=41
R R TR
M max(u,,)=1.089
0.5
G "
1 0.5 0 0.5 1

: E1.10 Fourier Series and Transforms (2014-5559) Gibbs Phenomenon: 5-4/11 :



Gibbs Phenomenon

5: Gibbs Phenomenon

o Discontinuities Truncated Fourier Series: un () = >~ _ U, el2rmEt

@ Discontinuous Waveform i . . .

e Gibbs Phenomenon If u(t) has a discontinuity of height b at ¢ = a then:

@ Integration

@ Rate at which coefficients (1) 'U/N(a/) — llm 0 u(a—e)—l—u(a—i—e)

decrease with m N 500 e— 2

o Differentiation . . ]

o Periodic Extension (2) un (t) has an overshoot of about 9% of b at the discontinuity. For
2 eriodic Extension: g . .

o @ e large /V the overshoot moves closer to the discontinuity but does

;Aefo;;;i)odic Extension: not get smaller (Gibbs phenomenon). In the limit the overshoot

g
o Summary equals (—% — % 0 Sl?tdt) b ~ 0.0895b.

(3) For large m, the coefficients, U,,, decrease no faster than |m|_1.

Example:

1 —

un(0) — 0.5 05

N —o0 0
0 5 10 15 20

max; un(t) —> 1.0895...
N—oc0 ! max(u,,)=1.089 [~~~
o.z N=41

T

max(u,,)=1.089

: E1.10 Fourier Series and Transforms (2014-5559) Gibbs Phenomenon: 5-4/11 :



Gibbs Phenomenon

5: Gibbs Phenomenon

T Truncated Fourier Series: uy (t) = Y.,y Uy, e™™mE?
@ Discontinuous Waveform
e Gibbs Phenomenon If u(t) has a discontinuity of height b at ¢ = a then:
@ Integration
@ Rate at which coefficients N\ ] u(a’_e)+u(a+e)
dege;setwithh:n ' t (1) 'U/N(a/) N —=00 11m€_>0 2
@ Differentiation
o P Exension (2) un (t) has an overshoot of about 9% of b at the discontinuity. For
ety esen large N the overshoot moves closer to the discontinuity but does
;Aefo;‘fg)odic Etension not get smaller (Gibbs phenomenon). In the limit the overshoot
1 1 [T sint ~
o Summary equals (—5 + = J, =3 dt) b ~ 0.0895D.
. —1
(3) For large m, the coefficients, U,,, decrease no faster than |m| :
Example:
un(0) — 0.5 os -
N —00 0
0 5 10 15 20
max; un(t) —> 1.0895...
N—oc0 o; max(u,,)=1.089 [~~~
( N=41
0 m+#0, even o S — ——
Um =<05 m=20 o.; max(u, )=1.089
—1 m Odd ’ 1 05 0 05 1
\ M

: E1.10 Fourier Series and Transforms (2014-5559) Gibbs Phenomenon: 5-4/11 :
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Integration

5: Gibbs Phenomenon

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Suppose u(t) = >

(©.¢]
m=—0o0

U 6i27rmFt
m

E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-5/11 '
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Integration

5: Gibbs Ph )
ibbs Phenomenon Suppose ’U/(t) — ZOO Um€z27rmFt

@ Discontinuities m—=—00
@ Discontinuous Waveform . .
J— Define v(t) to be the integral of u(t)

@ Integration

® Rate at which coefficients v (t) = ft u<7_) dT

decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

[boundedness requires Uy = 0]

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Integration

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Suppose u(t) = > U,,e2mmit

m=—0o0

Define v(t) to be the integral of w(t) [boundedness requires Uy = 0]

v(t) = [Tu(r)dr= [*3°___ Unpe™Frdr

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-5/11 '
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5: Gibbs Phenomenon

Integration

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Suppose u(t) = > U,,e2mmit

m=—0o0

Define v(t) to be the integral of w(t)

[boundedness requires Uy = 0]

v(t) = [Tu(r)dr= [*3°___ Unpe™Frdr

— sz—oo U, ft el2mmE'T -

[assume OK to swap f and > ]

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Integration

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Suppose u(t) = > U,,e2mmit

m=—0o0

Define v(t) to be the integral of w(t)

v(t) = [Tu(r)dr= [*3°___ Unpe™Frdr
ZOO Um ft 6i27rmFTd7_

m=—oo

c+ anoz_oo U,

1

12mmF

€

[boundedness requires Uy = 0]

12mmF't

[assume OK to swap f and > ]

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Integration

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Suppose u(t) = > U,,e2mmit

m=—0o0

Define v(t) to be the integral of w(t) [boundedness requires Uy = 0]

v(t) =

ft u(T)dr = ft S Une?™mETdr
Sy Un ft e?™mETdr  [assume OK to swap [ and Y]

m=—oo

o0 1 12TrmE't
¢+ Zm:—oo Um 12mmF €

00 i2rmFt i« oan i :
c+> . o Vme where c is an integration constant

: E1.10 Fourier Series and Transforms (2014-5559) Gibbs Phenomenon: 5-5/11 :



-1

5: Gibbs Phenomenon

Integration

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Suppose u(t) = > U,,e2mmit

m=—0o0

Define v(t) to be the integral of w(t) [boundedness requires Uy = 0]
v(t) = [Tu(r)dr= [0 Une?™Fdr
=3y Un ft e?™mETdr  [assume OK to swap [ and Y]

m=—oo

_ oo 1 12mmE't
=C Zm:—oo Um z'27rmF€

_ 00 i2rmFt i« oan i :
=) Ve where c is an integration constant

—1
2mmEF

Hence V,,, = U, except for Vy = c (arbitrary constant)

: E1.10 Fourier Series and Transforms (2014-5559) Gibbs Phenomenon: 5-5/11 :



-1

5: Gibbs Phenomenon

Integration

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Suppose u(t) = > U,,e2mmit

m=—0o0

Define v(t) to be the integral of w(t) [boundedness requires Uy = 0]
() = [Tu(r)dr= ["30%_ Upe? ™ rdr

= _  Un [*ei2mmFT - [assume OK to swap [ and 3]

_ oo 1 12mmE't
=C Zm:—oo Um z'27rmF€

_ 00 i2rmFt i« oan i :
=) Ve where c is an integration constant

Hence V,,, = 27;”"; = U except for Vo = ¢ (arbitrary constant)
Example:
Square wave: U,,, = ;fﬂ’_‘ for odd m (O for even m)
. -
0
-1 h
0 5 10 15 20

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Integration

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Suppose u(t) = > U,,e2mmit

m=—0o0

Define v(t) to be the integral of w(t) [boundedness requires Uy = 0]
() = [Tu(r)dr= ["30%_ Upe? ™ rdr

= _  Un [*ei2mmFT - [assume OK to swap [ and 3]

_ oo 1 12mmE't
=C Zm:—oo Um z'27rmF€

_ 00 i2rmFt i« oan i :
=) Ve where c is an integration constant

Hence V,,, = 5— U, except for V = c (arbitrary constant)
Example:
Square wave: U,,, = ;fﬂ’_‘ for odd m (O for even m)
1 A N wo e
0
1 ~7 L N7 2
0 5 10 15 20

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Integration

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

(©.¢]

Suppose u(t) = > °___ Upe?™mt

Define v(t) to be the integral of u(t)

[boundedness requires Uy = 0]

v(t) = [Tu(r)dr= [*3°___ Unpe™Frdr

Hence V,,, =

Example:

Square wave: U,,
Triangle wave: V,,,

1

0

2.

o0
m=—aoo

Un ft e?™mETdr  [assume OK to swap [ and Y]

o0 1 12mmE't
- Unhe

12mmF

00 i2rmFt i« oan i :
c+> . o Vme where c is an integration constant

AN

—1
2mmEF

U, except for Vy = c (arbitrary constant)

—21
mir
2mmEF

for odd m (O for even m)

—21
m

-1

yaN
u() = >
0
N7 n N2 '5 1 1 1 1 1

5 10 15 20 0 5 10 15 20

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Integration

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Suppose u(t) = > °___ Upe?™mt

—

Define v(t) to be the integral of u(t)
v(t) = [Tu(r)dr= [*3°___ Unpe™Frdr

=>> _Un ft e?™mETdr  [assume OK to swap [ and Y]

_ oo 1 12mmE't
=C Zm:—oo Um z'27rmF€

[boundedness requires Uy = 0]

_ 00 i2rmFt i« oan i :
=) Ve where c is an integration constant

Hence V,,, = 5— U, except for V = c (arbitrary constant)
Example:
Square wave: U,,, = ;fﬂ’_‘ for odd m (O for even m)
: , = —2i -1
Triangle wave: V,,, = 5B X - — =22 forodd m (O for even m)
l raN LN\ u7(t) _Qc 5
0 0
'1 7 L L N7 1 7 '5 L L L L L
0 5 10 15 20 0 5 10 15 20

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Integration

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Suppose u(t) = > °___ Upe?™mt

—

Define v(t) to be the integral of u(t)
v(t) = [Tu(r)dr= [*3°___ Unpe™Frdr

=>> _Un ft e?™mETdr  [assume OK to swap [ and Y]

_ oo 1 12mmE't
=C Zm:—oo Um z'27rmF€

[boundedness requires Uy = 0]

_ 00 i2rmFt i« oan i :
=) Ve where c is an integration constant

Hence V,,, = 5— U, except for V = c (arbitrary constant)
Example:
Square wave: U,,, = ;fﬂ’_‘ for odd m (O for even m)
: , = —2i -1
Triangle wave: V,,, = 5B X - — =22 forodd m (O for even m)
v N w0 = ° v,(0
0 0
'1 7 L L N7 1 7 '5 L
0 5 10 15 20 0 5 10 15 20

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Integration

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Suppose u(t) = > °___ Upe?™mt

—

Define v(t) to be the integral of u(t)
v(t) = [Tu(r)dr= [*3°___ Unpe™Frdr

=>> _Un ft e?™mETdr  [assume OK to swap [ and Y]

_ oo 1 12mmE't
=C Zm:—oo Um z'27rmF€

[boundedness requires Uy = 0]

_ 00 i2rmFt i« oan i :
=) Ve where c is an integration constant

Hence V,,, = 5— U, except for V = c (arbitrary constant)
Example:
Square wave: U,,, = ;fﬂ’_‘ for odd m (O for even m)
: , = —2i -1
Triangle wave: V,,, = 5B X - — =22 forodd m (O for even m)
v N w0 = ° v,(0
0 0
'1 7 L L N7 1 7 '5 L L L L L
0 5 10 15 20 0 5 10 15 20

Convergence: v(t) always converges if u(t) does since V;,, o< —Uy,

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Integration

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Suppose u(t) = > °___ Upe?™mt

—

Define v(t) to be the integral of u(t)
v(t) = [Tu(r)dr= [*3°___ Unpe™Frdr

=>> _Un ft e?™mETdr  [assume OK to swap [ and Y]

_ oo 1 12mmE't
=C Zm:—oo Um z'27rmF€

[boundedness requires Uy = 0]

_ 00 i2rmFt i« oan i :
=) Ve where c is an integration constant

—1

Hence V,,, = 5— U, except for Vi = c (arbitrary constant)
Example:
Square wave: U,,, = ;fﬂ’_‘ for odd m (O for even m)
: , = —2i -1
Triangle wave: V,,, = 5B X - — =22 forodd m (O for even m)
v N w0 = ° v,(0
0 0
'1 7 L L N7 1 7 '5 L L L L L
0 5 10 15 20 0 5 10 15 20

Convergence: v(t) always converges if u(t) does since V;,, o< —Uy,
vy (t) is a good approximation even for small N

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Rate at which coefficients decrease with

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Square wave: U,,, =

—23

m 1 for odd m (O for even m)

FaN yaN
! u () =
0
168 \ : f
0 5 10 15 20

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Rate at which coefficients decrease with

m

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Square wave: U,,
Triangle wave: V,,

1

0

raN

L\

-1

0

2 F

AN

10

15

20

5
0

-5

=—2tm~1 for odd m (O for even m)
m 2 for odd m (0 for even m)

w/

0

5

10

15 20

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Rate at which coefficients decrease with m

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Square wave: U,,, = _Tmm_l for odd m (O for even m)
Triangle wave: V,,, = W_Q}m_Q for odd m (O for even m)
e N uwo = 5 v.()
0 0
‘1 N7 L L N7 n 27 ‘5 " " 1 L L
0 5 10 15 20 0 5 10 15 20

Integrating w(t) multiplies the U,,, by 2;—% x m~ 1= they decrease faster.

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Rate at which coefficients decrease with m

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

1

0

-1

Square wave: U,,, = 73
- . -1
Triangle wave: Vi, = — 5
= N wo T
=0 5 0 15 20

5
0

-5

=—2tm~1 for odd m (O for even m)
m 2 for odd m (0 for even m)

w/

0 5 10 15 20

Integrating w(t) multiplies the U,,, by 2;—% x m~ 1= they decrease faster.

The rate at which the coefficients, U,,,, decrease with m depends on the
lowest derivative that has a discontinuity:

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Rate at which coefficients decrease with m

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

0

Square wave: U,,, = 73
- . -1
Triangle wave: Vi, = — 5
1 FaN A\ u7(t) AN
‘1 ~7 1 1 L N7 n ~7
0 5 10 15 20

5
0

-5

=—2tm~1 for odd m (O for even m)
m 2 for odd m (0 for even m)

w/

0 5 10 15 20

Integrating w(t) multiplies the U,,, by 2;—% x m~ 1= they decrease faster.

The rate at which the coefficients, U,,,, decrease with m depends on the
lowest derivative that has a discontinuity:

e Discontinuity in u(?) itself (e.g. square wave)
. U,, decreases as |m| "

For large |m

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Rate at which coefficients decrease with m

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Square wave: U,,
Triangle wave: V,,

1 FAN L\

0

-lBcA

0

=2tm~" for odd m (O for even m)

7T
——m "2 for odd m (0 for even m)

2 F

AN

L N7

7

0 5

10

15

20

5
0

-5

w/

0 5 10 15 20

Integrating w(t) multiplies the U,,, by 2;—% x m~ 1= they decrease faster.

The rate at which the coefficients, U,,,, decrease with m depends on the
lowest derivative that has a discontinuity:

e Discontinuity in u(?) itself (e.g. square wave)
. U,, decreases as |m| "

For large |m

e Discontinuity in u/ (%) (e.g. triangle wave)
. U,, decreases as |m| "~

For large |m

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Rate at which coefficients decrease with

m

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Square wave: U,,
Triangle wave: V,,

1 FAN L\

0

-lBcA

0

=2tm~" for odd m (O for even m)

7T
——m "2 for odd m (0 for even m)

2 F

AN

L N7

7

0 5

10

15

20

5
0

-5

w/

0

5

10

15 20

Integrating w(t) multiplies the U,,, by 2;—% x m~ 1= they decrease faster.

The rate at which the coefficients, U,,,, decrease with m depends on the
lowest derivative that has a discontinuity:

e Discontinuity in u(?) itself (e.g. square wave)
. U,, decreases as |m| "

For large |m

e Discontinuity in u/ (%) (e.g. triangle wave)
. U,, decreases as |m| "~

For large |m

e Discontinuity in u(™) (¢)

For large |m

, U,,, decreases as |m/|

(n+1)

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Rate at which coefficients decrease with

m

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Square wave: U,,
Triangle wave: V,,

1 FAN L\

0

-lBcA

0

=2tm~" for odd m (O for even m)

7T
——m "2 for odd m (0 for even m)

2 F

AN

L N7

7

0 5

10

15

20

5
0

-5

w/

0

5

10

15 20

Integrating w(t) multiplies the U,,, by 2;—% x m~ 1= they decrease faster.

The rate at which the coefficients, U,,,, decrease with m depends on the
lowest derivative that has a discontinuity:

e Discontinuity in u(?) itself (e.g. square wave)
. U,, decreases as |m| "

For large |m

e Discontinuity in u/ (%) (e.g. triangle wave)
. U,, decreases as |m| "~

For large |m

e Discontinuity in u(™) (¢)

For large |m

e No discontinuous derivatives

For large |m

, U,,, decreases as |m/|

(n+1)

, U,,, decreases faster than any power (e.g. e_|m|)

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Differentiation

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Integration multiplies U,,, by

=

amkF' "’

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Differentiation

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

{

Integration multiplies Uy, by s—+.

Hence differentiation multiplies U,,, by

2mmEF
—1

— 12mmF

: E1.10 Fourier Series and Transforms (2014-5559)
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5: Gibbs Phenomenon

Differentiation

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension
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t2 Periodic Extension: Method (b)

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

y(t) =t for0 <t < 2

Method (b): 7' = + =4

Un,

1

T

1
T

|

0.5T _
t2€ 12mmF't dt

—0.57T

t2€—127TmFt - 2te—127‘rmFt

2e—i27TmFt

—12mmF

(—i2mrmF)?

i|0.5T
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5: Gibbs Phenomenon

t2 Periodic Extension: Method (b)

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

y(t) =t for0 <t < 2
. 1 _
Method (b): 7' = =4

0.5T _
Um 1 t2€ zmeFtdt

T J—-0.5T
1 {th—mmet ot~ 12mmEt 9p—12mmEt } 0.5T
T —i2mmF (—i2mrmF)? (—i2mrmF)3 _ 05T

Substitute eI — gFimTm — ()™

[for integer m]
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t2 Periodic Extension: Method (b)

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

y(t) =t for0 <t < 2
. 1 _
Method (b): 7' = =4

0.5T _
Um 1 t2€ zmeFtdt

T J_0.5T
1 {th—mmet ot~ 12mmEt 9p—12mmEt }O-5T
T —i2mmF (—i2mrmF)? (—i2mrmF)3 _ 05T
Substitute e ="M ET = eFiTm — (_1)™ [for integer m]
_ D" — [all even powers of ¢ cancel out]
T (—i2nmF)?
2
0
2 0 2 4
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5: Gibbs Phenomenon

t2 Periodic Extension: Method (b)

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

y(t) =t for0 <t < 2

Method (b): 7' = + =4

_ 1
Um—T

1
T

Substitute eI T — gFiTM

_ (=

0.5T _
t2€ 12mmF't dt

2e—i27TmFt

—0.5T
t2€—i27TmFt - 2te—i27‘rmFt
—12TmF (—i2mrmF)?

1)”’“{ g }
T (—i2nmF)?

_ (=)mT? (=18

212 m?2

T2m?2

(=)™

i|0.5T

(—i2mrmF)3 _0.5T
[for integer m]

[all even powers of ¢ cancel out]
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t2 Periodic Extension: Method (b)

5: Gibbs Phenomenon y(t) — t2 for O S t < 2

@ Discontinuities

@ Discontinuous Waveform

@ Gibbs Phenomenon MethOd (b) T _= % = 4

@ Integration

® Rate at which coefficients
. 1 057 L2 _i2rmFt 1 05T .9 4
decrease with m U — = te dt U — = t dt — =
e Differentiation m T J—0.5T 0 T J—0.5T 3
® Periodic Extension
e +2 periodic Extension: o l th_i2met o 2te_i2met + 2e_i2met b5
Method (a) T —i2mmF (—i2mrmF)? (—i2mrmF)3 _ 05T
o 2 Periodic Extension: :
Method (b) . . . .
o Summary Substitute e ="M ET = eFiTm — (_1)™ [for integer m]
_ =)™ —2T
= (Ci2nmE)? [all even powers of ¢ cancel out]
_ (=nmT* _ (—=1)™8
T 2m2m2 T w2m?2
4
2
0
2 0 2 4
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5: Gibbs Phenomenon

t2 Periodic Extension: Method (b)

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

y(t) =t for0 <t < 2
. 1 _
Method (b): 7' = =4

_ 1 05T o _i2xmFt _ 1 05T 90,5, 4
Un =7 )_gsrte dt Uo =7 J_gsrt dt =3
_ 1 {th—mmet B ot~ 12mmEt 9p—12mmEt }O-5T
T —i2mmF (—i2mrmF)? (—i2mrmF)3 _ 05T
Substitute e ="M ET = eFiTm — (_1)™ [for integer m]

(—1)”"{ 5 }
T (—i2nmF)?

(=)™T* _ (=178

2m2m2 T mw2m?2
4
2
0
-2 0 2 4

Up.s = [1.333, —0.811, 0.203, —0.090]

[all even powers of ¢ cancel out]
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t2 Periodic Extension: Method (b)

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

y(t) =t for0 <t < 2
. 1 _
Method (b): 7' = =4

_ 1 05T o _i2xmFt _ 1 05T 90,5, 4
Un =7 )_gsrte dt Uo =7 J_gsrt dt =3
_ 1 {th—mmet B ot~ 12mmEt 9p—12mmEt }O-5T
T —i2mmF (—i2mrmF)? (—i2mrmF)3 _ 05T
Substitute e ="M ET = eFiTm — (_1)™ [for integer m]

(—1)”"{ 5 }
T (—i2nmF)?

(=)™T* _ (=178

2m2m2 T mw2m?2
4
2
0
-2 0 2 4

Up.s = [1.333, —0.811, 0.203, —0.090]

[all even powers of ¢ cancel out]

[u(t) real+even = U, real]
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t2 Periodic Extension: Method (b)

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

y(t) =t for0 <t < 2
. 1 _
Method (b): 7' = =4

_ 1 05T o _i2xmFt _ 1 05T 90,5, 4
Un =7 )_gsrte dt Uo =7 J_gsrt dt =3
1 {th—mmet ot~ 12mmEt 9p—12mmEt }O-5T
T —i2mmF (—i2mrmF)? (—i2mrmF)3 _ 05T

Substitute eI — eFimTm — (_1)™

[for integer m]

—1)m™ _
= T) L_QWZTZ:F)Q} [all even powers of ¢ cancel out]
_ (=n™7* _ (=1)™8
T 2w2m2 T 7w2m?
2
0
2 0 2 4

Up.s = [1.333, —0.811, 0.203, —0.090]

[u(t) real+even = U, real]
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5: Gibbs Phenomenon

t2 Periodic Extension: Method (b)

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

y(t) =t for0 <t < 2
. 1 _
Method (b): 7' = =4

_ 1 05T o _i2xmFt _ 1 05T 90,5, 4
Un =7 )_gsrte dt Uo =7 J_gsrt dt =3
1 {th—mmet ot~ 12mmEt X 9p—12mmEt }O-5T
T —i2mmF (—i2mrmF)? (—i2mrmF)3 _ 05T

Substitute eI — eFimTm — (_1)™

[for integer m]

— D7 {( i } [all even powers of ¢ cancel out]

T —i2rmF)?

_ (=y™m1* _ (-1)™8
T 2w2m2 T w2m?2

4 K=1 4 K=3
2 2
0 0
2 0 2 4 2 0 2 2

Uo.s = [1.333, —0.811, 0.203, —0.090]  [u

(t) real+even = U, real]
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t2 Periodic Extension: Method (b)

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

y(t) =t for0 <t < 2
. 1 _
Method (b): 7' = =4

_ 1 05T o _i2xmFt _ 1 05T 90,5, 4
Un =7 )_gsrte dt Uo =7 J_gsrt dt =3
1 {th—mmet ot~ 12mmEt 9p—12mmEt }O-5T
T —i2mmF (—i2mrmF)? (—i2mrmF)3 _ 05T

Substitute eI — eFimTm — (_1)™

[for integer m]

— D7 {( i } [all even powers of ¢ cancel out]

T —i2rmF)?

_ (=y™m1* _ (-1)™8
T 2w2m2 T w2m?2

4 K=1 4 K=3 4 K=6
2 2 2
0 0 0
2 0 2 4 2 0 2 2 2 0 2 2

Up.s = [1.333, —0.811, 0.203, —0.090]

[u(t) real+even = U, real]
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t2 Periodic Extension: Method (b)

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

y(t) =t for0 <t < 2
. 1 _
Method (b): 7' = =4

_ 1 05T o _i2xmFt _ 1 05T 90,5, 4
Un =7 )_gsrte dt Uo =7 J_gsrt dt =3
1 {th—mmet ot~ 12mmEt X 9p—12mmEt }O-5T
T —i2mmF (—i2mrmF)? (—i2mrmF)3 _ 05T

Substitute eI — eFimTm — (_1)™

[for integer m]

— D7 {( i } [all even powers of ¢ cancel out]

T —i2rmF)?

_ (=y™m1* _ (-1)™8
T 2w2m2 T w2m?2

4 K=1 4 K=3
2 2
0 0
2 0 2 4 2 0 2 2

4 K=6
2
0
2 0 2 2

Ug.3 = [1.333, —0.811, 0.203, —0.090]  [u(t) real+even = U, real]

Convergence is noticeably faster than for method (a)
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Summary

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Discontinuity at t = a

o Gibbs phenomenon: uy (t) overshoots by 9% of iump

o uy(a) — mid point of iump

: E1.10 Fourier Series and Transforms (2014-5559)
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Summary

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

e Discontinuity at? = a
o Gibbs phenomenon: uy (t) overshoots by 9% of iump
o uy(a) — mid point of iump

e |Integration: If v(t) = ftu(T)dT, then V,,, = 5—=U,,

2mmF
and Vi = ¢, an arbitrary constant. Uy must be zero.
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Summary

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Discontinuity at t = a

o Gibbs phenomenon: uy (t) overshoots by 9% of iump

o uy(a) — mid point of iump

Integration: If v(t) = ft u(T)dr, then V,,, =

—i Um

2mmEF

and Vi = ¢, an arbitrary constant. Uy must be zero.

Differentiation: If w(t) = dr‘fd—it),

w(t) satisfies Dirichlet conditions (it might not)

then W,,, = 12momF'U,,, provided

: E1.10 Fourier Series and Transforms (2014-5559)
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Summary

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Discontinuity at t = a
o Gibbs phenomenon: uy (t) overshoots by 9% of iump
o uy(a) — mid point of iump

Integration: If v(t) = ftu(T)dT, then V,,, = 5—= U,
and Vi = ¢, an arbitrary constant. Uy must be zero.
Differentiation: If w(t) = dr‘f‘l—it), then W,,, = i2mmF'U,, provided

w(t) satisfies Dirichlet conditions (it might not)

Rate of decay: )
—(k+1) d®u(t)

where —

o For large n, U,, decreases at a rate |n/|
the first discontinuous derivative

IS
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Summary

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Discontinuity at t = a
o Gibbs phenomenon: uy (t) overshoots by 9% of iump
o uy(a) — mid point of iump

Integration: If v(t) = ftu(T)dT, then V,,, = —

2mmF
and Vi = ¢, an arbitrary constant. Uy must be zero.

Differentiation: If w(t) = dr‘f‘l—it), then W,,, = i2mmF'U,, provided

w(t) satisfies Dirichlet conditions (it might not)

Unn

Rate of decay: )
—(k+1) d¥u(t) .

where ik 1S

o For large n, U,, decreases at a rate |n/|
the first discontinuous derivative

o Error power: <(u(t) = uN(t))2> — Z|n|>N \Un\2
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Summary

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Discontinuity at t = a
o Gibbs phenomenon: uy (t) overshoots by 9% of iump
o uy(a) — mid point of iump

Integration: If v(t) = ftu(T)dT, then V,,, = 5—=U,,

2mmF
and Vi = ¢, an arbitrary constant. Uy must be zero.
Differentiation: If w(t) = dr‘f‘l—it), then W,,, = i2mmF'U,, provided
w(t) satisfies Dirichlet conditions (it might not)

Rate of decay:

—(k+1) d¥u(t) .

where ik 1S

o For large n, U,, decreases at a rate |n/|
the first discontinuous derivative

o Error power: <(u(t) = uN(t))2> — Z|n|>N \Un\2

Periodic Extension of finite domain signal of length L

o (a) Repeat indefinitely with period 1" = L

o (b) Reflect alternate repetitions for period 7' = 2L
no discontinuities or Gibbs phenomenon
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5: Gibbs Phenomenon

Summary

@ Discontinuities
@ Discontinuous Waveform
® Gibbs Phenomenon

@ Integration
@ Rate at which coefficients
decrease with m

@ Differentiation

® Periodic Extension

) t2 Periodic Extension:
Method (a)

) t2 Periodic Extension:
Method (b)

® Summary

Discontinuity at t = a
o Gibbs phenomenon: uy (t) overshoots by 9% of iump
o uy(a) — mid point of iump

Integration: If v(t) = ftu(T)dT, then V,,, = —

2mmF
and Vi = ¢, an arbitrary constant. Uy must be zero.

Differentiation: If w(t) = dr‘f‘l—it), then W,,, = i2mmF'U,, provided
w(t) satisfies Dirichlet conditions (it might not)

Unn

Rate of decay:

—(k+1) d¥u(t) .

where ik 1S

o For large n, U,, decreases at a rate |n/|
the first discontinuous derivative

o Error power: <(u(t) = uN(t))2> — Z|n|>N \Un\2

Periodic Extension of finite domain signal of length L

o (a) Repeat indefinitely with period 1" = L

o (b) Reflect alternate repetitions for period 7' = 2L
no discontinuities or Gibbs phenomenon

For further details see RHB Chapter 12.4, 12.5, 12.6

: E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5-11/11 '



	5: Gibbs Phenomenon
	Discontinuities
	Discontinuous Waveform
	Gibbs Phenomenon
	Integration
	Rate at which coefficients decrease with m
	Differentiation
	Periodic Extension
	t2 Periodic Extension: Method (a)
	t2 Periodic Extension: Method (b)
	Summary


