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Discontinuities

5: Gibbs Phenomenon A fynction, v(t), has a discontinuity of amplitude b at ¢t = a if

> Discontinuities
Discontinuous

\(/;\ilz‘l:’::;lc;rl:nomenon lim€—>0 (U(CL —|_ 6) T U(CL o 6)) — b # O
Integration

S Conversely, v(t), is continuous at t = a if the limit, b, equals zero.

coefficients decrease
with m

Differentiation

Periodic Extension Exa m p | es:
t2 Periodic ]

Extension: Method b bt
(a) f

2 0t
t< Periodic 0 . | | 0

Extension: Method

u(t)
v(t)

(b) ae Timae @ are ae Tim?a ® are
Summary . . .
Continuous Discontinuous

We will see that if a periodic function, v(%), is discontinuous, then its
Fourier series behaves in a strange way.
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Discontinuous Waveform
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Pulse: T = % = 20, WidthI%T, height A =1
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Define: uN(t) — ZT]X:_N Ume’i27rmFt
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[Enlarged View: w41 ()]
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[Powers of —1 and 1]

m

Expressions involving (—1)™ or, less commonly, i™ arise quite frequently and it is worth becoming

familiar with them. They can arise in several guises:
iy . o
e M = ™M = (') = cos (mm) = (—1)™
1 .1 m

e—i%wm — (e—iéw)m — (_Z)m

el

V]

As m increases these expressions repeat with periods of 2 or 4. Simple expressions involving these

quantities make useful sequences.

m 4| 3| -2|-1]0]| 1 2 3 | 4
(—1)™ = cosm™m = ™™ 1 | -1} 1 | —-1]|1]-1]1]-1]1
im = e!0-5™m 1 1 —1 —1 1 1 —1 —1 | 1

(—i)™ = e=?0-5mm 1 | —i | —=1] 4 | 1] —i | —=1] 3 |1
s(1+(=1)™) 1 0 1 0O |1]| 0O 0 |1
T(1-(-1)™) 0 1 0 1 |0 1 0 1 |0

2 (@™ 4 (—i)™) = cos0.5mm | 1 o |-1]| 0 |1 0 |—-1] o0 |1
A4+ (DM (=)™ | 1 0 0 0 [1] 0 0 0 |1
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Gibbs Phenomenon
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Truncated Fourier Series: un(t) =)

If u(t) has a discontinuity of height b at ¢ = a then:
u(a—e)+u(a+te)

N

m=—

N Ume

(1) un(a) e lime_ 5

12mmE't

(2) un(t) has an overshoot of about 9% of b at the discontinuity. For
large N the overshoot moves closer to the discontinuity but does
not get smaller (Gibbs phenomenon). In the limit the overshoot

equals (—% + = [ 22Ldt) b~ 0.0895b.

t

(3) For large m, the coefficients, U,, decrease no faster than |m/| ™.

max; uy(t) el 1.0895. ..

(

0 m # 0, even
0.9 m=20
w;—jr m odd
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[Origin of Gibbs Phenomenon]

This topic is included for interest but is not examinable.

Our first goal is to express the partial Fourier series, un(t), in terms of the original signal, u(t). We

begin by substituting the integral expression for U, in the partial Fourier series
UN(t) — Z;ti\]_N Unez27rnFt: Z;ti\]_N (% fO u(T)e ’LQ?T’I’LF’TdT) ei2mn 't
Now we swap the order of the integration and the finite summation (OK if the integral converges Vn)
T ; _
un(t) = & [ u(r) (SN e =) ar

Now apply the formula for the sum of a geometric progression with z = 27 (t—7).

Z+N o ,~N_,N+1 —(N+0.5)_,N+0.5
n=—N - 1—z - ~—0.5_,0.5

1 T 12 (N40.5)F(r—t) __—i27(N+0.5)F(7—1t)
upn (t) = T fo u(T) < ei27r0.5F(T—t)_Z—i27r0.5F(T—t) T

T sinmw(2N+1)F(T—t
= % fO U’(T) sgnwF(Z—i) )dT

sin((N+0.5)x)
sin 0.5z

So if we define the Dirichlet Kernel to be Dy (z) =

un(t) = & [ u(t)Dy (20F (1 — t)) dr

So what we have shown is that ux(t) can be obtained by multiplying w(7) by a time-shifted Dirichlet
Kernel and then integrating over one period. Next we will look at the properties of the Dirichlet Kernel.

, and set x = 2w F' (T — t), we obtain

E1.10 Fourier Series and Transforms (2014-5559) Gibbs Phenomenon: 5 — note 1 of slide 4



[Dirichlet Kernel]

This topic is included for interest but is not examinable.

Dirichlet Kernel definition: Dy (xz) = Z N etn® — 1 4 22 _, cosnz = sin((N40.5)x)

sin 0.5z

Dy (z) is plotted below for N = {2, 5, 10, 21}. The vertical red lines at &7 mark one period.

4 D, () 10 D) 2 D, 0 D,,()
2 5 § 10 \5’ 20
0 AN AN 0 AN A A AN o N AN A A Al g [SEENVIAT atllng il

\/ \/ \/ \/ VA4 VY VY VY VY GV Vv"v AV VTV Ou“vvv‘v vvvv T
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
X X X X

e Periodic: with period 27
e Average value: (Dy(2)) = f+7T Dy (z)dx =1
e First Zeros: Dny(z) =0atx ==+

D2(x)
D5(x)

T
N+0 = define the main lobe as ~NT03 <z < N—|—O g

e Peak value: 2N + 1 at x = 0. The main lobe gets narrower but higher as N increases.

e Main Lobe semi-integral:

ﬁ . N+0 5 ((N+0.5)x) 1
fa::O DN(CU)dJ? - fa::O = sin 0.5z —dx = — N+0.5 yW:O ﬁdy[y - (N + 0. 5):6]
where we substituted y = (N +0.5)x. Now, for large N, we can approximate sin 2N+1 ~ 2N+1.
NT05 o1 i ~ ~
Joco ” Dn(z)dr = o5 yﬂzo 2811\?+y1 dy =2 f S”ylydyN 3.7038741 ~ 27 x 0.58949

We see that, for large enough NN, the main lobe semi-integral is independent of V.
[In MATLAB Dy (x) = (2N + 1) x diric(z, 2N + 1)]
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|Gibbs Phenomenon Overshoot]

This topic is included for interest but is not examinable.

The partial Fourier Series, un(t), can be obtained by multiplying u(¢)

by a shifted Dirichlet Kernel and integrating over one period:
un(t) = & [ u(t)Dy (20F (1 — t)) dr

For the special case when u(t) is a pulse of height 1 and width 0.57":
un(t) = = [V° Dy (2nF (T —t)) dr

Substitute z = 27TF(T —t)
un(t) = 5o [T L2 Dy (@) de = 5= [7.27" Dy (2) da

—2wF't —2wF't

e For ¢t =0 (the blue integral and the blue C|rc|e on the upper graph):
un(0) = 5= [o DN (z)dz=0.5

e Fort=

T
2N+1

(the red integral and the red circle on the upper graph):

u_ ()
R

-1 -0.5 0 0.5 1 15 2

[ t=0.24 '

-1 -0.5 0 0.5 1 15 2

-1 -0.5 0 0.5 1 15 2

0 T NT05
un (ger) = 2 ST 00 D () de= o [° o Dy (@)dat g Jo V0 Dy (x) d

N+0.5 TYTNT0.5

For large N, we replace the first term by a constant (since it is the semi-integral of the main lobe)

and replace the upper limit of the second term by 7:
~ 0.58949 + 5 [7 D (z) de = 1.08949

o For0kKt<0.5T, un(t) =1 (the green integral and the green circle on the upper graph).
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Integration

5: Gibbs Phenomenon
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Summary

Suppose u(t) =Y.~ Upe?m™mit
Define v(t) to be the integral of u(t)
v(t) = ft u(T)dr = ft S Uy e™mETdr
D A L [assume OK to swap [ and > ]
=+ 0 Uy gk ei2nmF

_ o0 12mmFE't : : :
= cC+ Zm:—oo Vme where C IS an mtegratlon constant

[boundedness requires Uy = 0]

Hence V,,, = 5—%U,, except for Vj = c (arbitrary constant)
Example:
Square wave: U, = =2 for odd m (0 for even m)
- . _ =i —2i _ 1
Triangle wave: V,,, = 5—'% X —*t = ——5— for odd m (0 for even m)
e N wo A~ 5 v.()
0 0
'l 7 L L N7 n 7 '5 L " L L L
0 5 10 15 20 0 5 10 15 20

Convergence: v(t) always converges if u(t) does since V,,, o< Uy,
v (t) is a good approximation even for small NV

E1.10 Fourier Series and Transforms (2014-5559)

Gibbs Phenomenon: 5 -5 / 11



Rate at which coefficients decrease with m
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—2tm~1 for odd m (0 for even m)

—+=m 2 for odd m (0 for even m)

Square wave: U, =
Triangle wave: V,,, =

w2 F
v N o ~ ° v,(0
0 0
lphA N T . 7 -5 . N N N L -
0 5 10 15 20 0 5 10 15 20 Integratl ng

u(t) multiplies the U, by 5=% x m~!= they decrease faster.

The rate at which the coefficients, U,,,, decrease with m depends on the
lowest derivative that has a discontinuity:

e Discontinuity in u(t) itself (e.g. square wave)
. Uy, decreases as |m| ™"

For large |m

e Discontinuity in /() (e.g. triangle wave)
For large |m|, U, decreases as |m| "

e Discontinuity in u(™)(¢)
(n+1)

For large |m|, U,, decreases as |m|

e No discontinuous derivatives
For large |m|, U,, decreases faster than any power (e.g. e~I™)
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Differentiation

5: Gibbs Phenomenon
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Summary

Integration multiplies Uy, by 5—=.

Q”mF = 1 2mrmF

Hence differentiation multiplies U,,, by

If u(t) is a continuous differentiable function and w(t) = dzgf) then,
provided that w(t) satisfies the Dirichlet conditions, its Fourier coefficients
are:

0 m =0

i2rmFU, m#0

Since we are multiplying U,,, by m the coefficients W,,, decrease more
slowly with m and so the Fourier series for w(t) may not converge (i.e.
w(t) may not satisfy the Dirichlet conditions).

Uy, o< |m| ™2 Uy o |m| ™" Uy o |m| ™"

Differentiation makes waveforms spikier and less smooth.
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Periodic Extension

5: Gibbs Phenomenon
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t2 Periodic
Extension: Method
(a)

t2 Periodic
Extension: Method
(b)

Summary

Suppose y(t) is only defined over a finite interval (a, b).

You have two reasonable choices to make a periodic version:

(a) T=b—a, u(t)=y(t)fora<t<b

y(t) a<t<b

(b) T =2(b—a), u(t) = y(2b—t) b<t<2b—a

Example:
y(t) =t for 0 <t <2

WM

y(t) (a) T=2 =

Option (b) has twice the period, no discontinuities, no Gibbs phenomenon
overshoots and if y(¢) is continuous the coefficients decrease at least as fast

—2
as |m| °.
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t* Periodic Extension: Method (a)

5: Gibbs Phenomenon
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t2 Periodic
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t2 Periodic
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(b)

Summary

y(t) =t for 0 <t <2

Method (a): T = + = 2

Um — % fOT t2€—i27rmFtdt

2t€—i27rmFt

T
Uoz%fo tht:%

1
T

{2 i2mmFt
—12mmEF

(—i2mrmF')?

Substitute ¢=#27TmE0 — gmi2mm I

1 T2 B 2T
T | —i2rmF  (—i27mF)?
. 2i 2

T omm + m2m?2

9e—12TMEt } T

- 3
(—i2rmF)” |

[for integer m]

4 K=1 4 K=3 4 K=6

2 2 2

o ! . . . o ! . . . of ! . . .
2 0 2 2 2 0 2 2 2 0 2 2

Uo:s = [1.333, 0.203 + 0.637i, 0.051 + 0.3184, 0.023 + 0.2124]
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t* Periodic Extension: Method (b)

5: Gibbs Phenomenon

Discontinuities
Discontinuous
Waveform

Gibbs Phenomenon
Integration

Rate at which

coefficients decrease
with m
Differentiation
Periodic Extension
t2 Periodic
Extension: Method
(a)
t2 Periodic
Extension: Method

> (b)

Summary

y(t) =t for 0 <t <2
Method (b): T'= & =4

F
_ 1 05T Lo _i2xmFt _ 1 05T 94, _ 4
Un =7 )_gsrte dt Uo =7 J_gsrt’dt =3

2te—i27'rmFt 0.57T

 (—i2wmF)?

1 [2o—i2mmFt
T —12mmF

9e—i2mmEt }

Substitute e ET = gFirm — (_1)™

(—1)””‘[ —2T }
T (—i2mmF)?

(-ny™mT? _ (=1)™8
2m2m2 T w2m?

Up.s = [1.333, —0.811, 0.203, —0.090]

Convergence is noticeably faster than for method (a)

[for integer m]

[all even powers of t cancel out]

[u(t) real+even = U, real]
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Summary

5: Gibbs Phenomenon

Discontinuities
Discontinuous
Waveform

Gibbs Phenomenon
Integration

Rate at which
coefficients decrease
with m
Differentiation
Periodic Extension
t2 Periodic
Extension: Method
(a)

t2 Periodic
Extension: Method
(b)

> Summary

Discontinuity at t = a
o Gibbs phenomenon: uy(t) overshoots by 9% of iump
o wun(a) — mid point of iump

Integration: If v(t) = ft u(t)dr, then V,,, = 5—=Up,

and Vi = ¢, an arbitrary constant. Uy must be zero.

Differentiation: If w(t) = dqil—sf), then W,,, = i2emFU,, provided
w(t) satisfies Dirichlet conditions (it might not)

Rate of decay:

dfu(t) -

—(k+1
(k+1) ult) s

o For large n, U, decreases at a rate |n| where

the first discontinuous derivative
o Error power: <(u(t) _ uN(t))2> =S o Unl’
Periodic Extension of finite domain signal of length L
o (a) Repeat indefinitely with period T'= L
o (b) Reflect alternate repetitions for period T'= 2L
no discontinuities or Gibbs phenomenon

For further details see RHB Chapter 12.4, 12.5, 12.6
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