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Fourier Series as T — o0

6: Fourier Tra_nsform Fourler Serles U t — OO__ UneiQﬂ'nFt
Fourier Series as Nn=——oo
T — oo
Fourier Transform The harmonic frequencies are nF' Vn and are spaced F' = % apart.
Fourier Transform T
Examples
Dirac Delta Function As T' gets larger, the harmonic spacing becomes smaller.
irac Delta Function:
Scsing ond eg. T=1s= F =1Hz
ranslation
Dira::lc Delta cIl=um:tion: T =1 day — F = 1157 ,LLHZ
Products an
Integrals . .
Saredhe Srmrlh If T" — oo then the harmonic spacing becomes zero, the sum becomes an
Duality . . .
Time Shiing an integral and we get the Fourier Transform:
caling +00 )
Gaussian Pulse ’U,(t) p— f — oo U(f)612ﬂ-ftdf
Summary o

Here, U(f), is the spectral density of u(t).

(
U(f) is a continuous function of f .
U(f) is complex-valued.
u(t) real = U(f) is conjugate symmetric < U(—f) = U(f)*.
Units: if u(t) is in volts, then U(f)df must also be in volts
= U(f) is in volts/Hz (hence “spectral density").
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Fourier Series: u(t) =5 U, ei2mnFt

n=—00
The summation is over a set of equally spaced frequencies
fn = nF where the spacing between them is Af = F = +.

Un — <U(t 227TTLFt> Af 0. 51;),5’]” u(t)e—ianFtdt

Spectral Density: If u(t) has finite energy, U,, — 0 as Af — 0. So we

define a spectral density, U(f,) = gf, on the set of frequencies {f,}:

0.5T o
U(fn) = A— = [, pu(t)e 2Tt dy
we can write [Substitute U,, = U(f,)Af]

u(t) = 302 oo Ulfn)e?™ It Af
Fourier Transform: Now if we take the limit as Af — 0, we get
= [T _U(f)e?™Itdf [Fourier Synthesis]
= [=___u(t)e 2mItdy [Fourier Analysis]

For non-periodic signals U,, - 0 as Af — 0 and U(f,) = A—?} remains

finite. However, if u(t) contains an exactly periodic component, then the
corresponding U( f,,) will become infinite as Af — 0. We will deal with it.
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Example 1:
e 4 t>0
0 t <0
U(f) = [2%, ult)e 2wt
— f()oo 6—at6—i27rftdt

— fooo 6(—a—i27'rf)tdt

u(t) =

—1 [6(—a—z’27rf)t]oo = 57

— ati2nf 0
Example 2:
’U(t) — €—a|t|

VI(f) = ffooo U(t)e_i%ftdt

_ fi)oo 6at6—i27rftdt_|_fooo p—at o= 12 ft 4
_ 1 [e(a—iQWf)t]O i
— 0

a—127f

1 1

1

-1
a+127 f

— a—127m f + a+127m f — a2+4m2 f2

{6(—a—i27rf)t] ©0

1 " [L

< 0.5
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Time (s)
o
€03
2 0.2
=01 .
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Frequency (Hz)

2 05
T
E o ﬂ
S 05 :
v -5 0 5
Frequence (Hz)
a=2
£ 05
-5 0 5
Time (s)

1
€
> 05 _JL

0 N

-5 0 5

Frequency (Hz)

0
[v(t) real4+symmetric

= V(f) real+symmetric]
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Dirac Delta Function

6: Fourier Transform We define a unit area pulse of width w as ) 5,0
T — oo
Fourier Transform l —O5w S €T S O5w 2 iy os® s
Fourier Transform dw (,’L‘) = w . . . 5509
Examples 0 otherwise 3 2 1 0 1 2 3
Dirac Delta g
Function
Dirac Delta Function: This pulse has the property that its integral equals ' »
caling an 0.5 X
Translation 1 for all values of w:
Dirac Delta Function: o 0
Products and _ 3 2 4 o0 1 2 3
Intoegr:|: a fx:—OO dw (Sl?)d:l? — 1 :
Periodic Signals . . .
Duality If we make w smaller, the pulse height increases to preserve unit area.
Time Shifting and . . . .
Scaling We define the Dirac delta function as §(z) = lim,, .o d,, ()
Gaussian Pulse
Summary e J(x) equals zero everywhere except at x = 0 where it is infinite.

o However its area still equals 1 = [~ _§(z)dz =1
e We plot the height of §(x) as its area rather than its true height of oo.

d(x) is not quite a proper function: it is called a generalized function.
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Translation: §(x — a) 1 I,
d(x) isa pulse at x =0 -
d(x —a) is a pulse at z = a !-o.sa<lx+z) o
Amplitude Scaling: bd(x) R
6(xz) hasanareaof 1 & [ §(z)dz =1 '
>, 15(4) = 0.255(x)
bé(x) has an area of b since ‘-35(-4.»8):,.0_755(“2) o
[ (b8(x)dz="0b["_&(x)dz=10 R

b can be a complex number (on a graph, we then plot only its magnitude)

Time Scaling: §(cx)

c>0: [Z  d(cx)dr = fyoi_oo 5(y)dTy [sub y = cx]
=t f Wy = ¢ = 1

c<0: [Z _ dcx)dr = fy;ojoo 5(y)%y [sub y = cx]
== [T (y)dy= =1L

In general, d(cx) = ﬁ(S(:{;) for ¢ # 0
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Dirac Delta Function: Products and Integrals
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If we multiply 6(x — a) by a function of z:
y =x% X §(x — 2)
The product is 0 everywhere except at x = 2.

So d(x — 2) is multiplied by the value taken by
r? at x = 2:

22 X §(x —2) = [12}3:2 X 0(x — 2)
=4 x §(x — 2)

In general for any function, f(x), that is
continuous at = = a,

f()d(z —a) = f(a)d(z —a)

Integrals:

Example: [ (322 — 2z) §(z — 2)dz = [32? — 2z]

— fa) [, 3z — a)da
(a)

[if f(x) continuous at af

6
y=x’
4
>
2
0 ,
-1 0 1 2
X
6 y=3(x-2)
4
>
2
0 |
-1 0 1 2
X
6 2
y=2%x3(x-2) = 43(x-2)
4
>
2
O "
-1 0 1 2

=&

r=2
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6i271'ft df

J2 US)

Fourier Transform: wu(t) =

[Fourier Synthesis]

= [~ u(t)e ?mItqy [Fourier Analysis]
Example: U(f)=156(f +2)+1.50(f —2) e
— fOO U ’i27‘(‘ftdf S o5
— f 1 55 f + 2) lzﬂ_ftdf A 2 ;:]-requer?cy(Hz)
+ [0 156(f — 2)etm S | e
_ 127 127 g,
= 1.5 ¢f ft]f:_'2 +1.5 e, °
= 1.5 ("™ 4 e~ "7) = 3 cos 4t o1z 3

If u(t) is periodic then U(f) is a sum of Dirac delta functions:
u(t)=> 7" Upe®™t = U(f)=>""__ U, (f —nF)
— [ U(feitdf
= [T 5 UnS(f —nF)e?mltdf
=>> U, ffooo §(f —nF)e?mridf

_ o0 12mnF't
_ Zn:—oo Une

Proof: w(t)
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Duality

6: Pourier Transform Fourier Transform: u(t) = ffooo U(f)e™Itdf [Fourier Synthesis]

Fourier Series as

i U(f)=[,=__ u(t)e2mItdt [Fourier Analysis]

Fourier Transform
Examples

Dirac Delta Function

Dirac Delta Function: Dual tra nSform
Scaling and L
Translation SUppOSE U(t) — U(t), then

Dirac Delta Function:

Products and V(f) — ftozo_oo ,U(t)e—’iQﬂ'fth

Integrals

Periodic Signals Vig) = ftoj_oo U(t)e 279t dt [substitute f = g, v(t) = U(?)]

> Duality

Time Shifting and — ffoi_oo U(f>6—2271'gfdf [SUbSt|tute t = f]

Scaling

Gaussian Pulse

Summary — U(_g)

So: w(t)=U(t) = V(f)=u(-))

u(t) = e~ It = U(f) = ﬁ [from earlier]
v(t) = —2n =  V(f)=e " fI=¢l/l
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Time Shifting and Scaling

6: Pourier Transform Fourier Transform: w(t) = [~ U(f)e*™/tdf [Fourier Synthesis]

Fourier Series as

i U(f)=[,=__ u(t)e2mItdt [Fourier Analysis]

Fourier Transform
Examples

Dirac Delta Function

Diree Dalte Function: Time Shifting and Scaling:
Scaling and

Translation Suppose v(t) = u(at + b), then
e ™ V(f) = [,Z_ o ulat + b)e=?m/tdt [now sub 7 = at + 0]
Eiai’f“ Sianale 00 —i2mf(T52) 1
Tin}:e Shifting and — sgn(a> f’T:—OO U(T)e ¢ EdT
> Sca-ling 1 0 > O
So— Pulee note that oo limits swap if a < 0 hence sgn(a) =
’ —1 a<0
= ﬁeizﬂbe f:i_oo U(T)G_ZQW%TCZT
= e (2)
Soi o(t) —ulat+b) = V()= e U (£)
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Gaussian Pulse
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Gaussian Pulse: u(t) =

U(f)

0.4}

0.2}

u(t)

0

/N
—

1)

. 27702 f

vV 27702 f
(z27r0 f)

622

622

(22770 f)

[(i) uses a result from complex analysis theory that:

—i27‘(‘ftdt —

. 27702 f

vV 27T0' f

N

o=1

\.¥. oks

D S

2
e 202

2 o2

This is a Normal (or Gaussian) probability distribution, so ffooo
2

ffooo u(t)e

\/27‘(’0’ f
iz (1 +idrwo ft)dt

(t +idmo ft+(127r0 f) (i27r02f)2>dt

—5(2770]”)2

——(t+z27ra f) dt —

(t—|—z27ra f) dt

u(t)dt = 1.
’LQﬂ'ftdt
ﬁ ffooo e dt = 1]

\ 1/(210)=0.159

1 1 n

-4

-2

0
Time (s)

2

4 -0.6

-0.4

-0.2 0 0.2 0.4 0.6

Frequency (Hz)

Uniquely, the Fourier Transform of a Gaussian pulse is a Gaussian pulse.
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Summary
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Dirac Delta Function:
Scaling and
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Dirac Delta Function:
Products and
Integrals

Periodic Signals
Duality

Time Shifting and
Scaling

Gaussian Pulse

> Summary

Fourier Transform:
o Inverse transform (synthesis): u(t f U(f 227Tftdf

o Forward transform (analysis): = [~ e~ 2Tty
> U(f) is the spectral denS|ty functlon (e.g. VoIts/Hz)

Dirac Delta Function:
o 6(t) is a zero-width infinite-height pulse with [~ _§(¢)dt = 1

o Integral: ffooo f)6(t —a) = f(a)
o Scaling: §(ct) = E |5( )
Periodic Signals: u(t) = > - U, ei2mnEt

= U(f) =202 Und (f — nF)
Fourier Transform Properties:

o v(t)=U(t) = V(f) = u(— 2)b
o v(t) =u(at + b) = V(f)= ﬁe iy (5)
o w(t) = —L_e3(3) o V(f) = e s@r0f)

2mo?

For further details see RHB Chapter 13.1 (uses w instead of f)
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