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For indu
tors and 
apa
itors i = C dv
dt

and v = L di
dt

so we need to

di�erentiate i(t) and v(t) when analysing 
ir
uits 
ontaining them.

Usually di�erentiation 
hanges the

shape of a waveform.

For bounded waveforms there is

only one ex
eption:
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v(t) = sin t ⇒ dv
dt

= cos t

same shape but with a time shift.

sin t 
ompletes one full period every

time t in
reases by 2π.
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sin 2πft makes f 
omplete repetitions every time t in
reases by 1; this

gives a frequen
y of f 
y
les per se
ond, or f Hz.

We often use the angular frequen
y , ω = 2πf instead.

ω is measured in radians per se
ond. E.g. 50Hz ≃ 314 rad.s−1

.
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A useful way to think of a 
osine wave is as the

proje
tion of a rotating rod onto the horizontal axis.

For a unit-length rod, the proje
tion has length cos θ.

If the rod is rotating at a speed of f revolutions per

se
ond, then θ in
reases uniformly with time:

θ = 2πft.

The only di�eren
e between cos and sin is the starting position of the rod:
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v = cos 2πft
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v = sin 2πft = cos
(

2πft− π
2

)

sin 2πft lags cos 2πft by 90◦ (or

π
2

radians) be
ause its peaks o

urs

1

4

of

a 
y
le later (equivalently cos leads sin) .
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If the rod has length A and starts at an angle φ then the proje
tion onto

the horizontal axis is

A cos (2πft+ φ)
= A cosφ cos 2πft−A sinφ sin 2πft
= X cos 2πft− Y sin 2πft

At time t = 0, the tip of the rod has 
oordinates

(X, Y ) = (A cosφ, A sinφ).

If we think of the plane as an Argand Diagram (or 
omplex plane), then the


omplex number X + jY 
orresponding to the tip of the rod at t = 0 is


alled a phasor .

The magnitude of the phasor, A =
√
X2 + Y 2

, gives the amplitude (peak

value) of the sine wave.

The argument of the phasor, φ = arctan Y
X

, gives the phase shift relative

to cos 2πft.

If φ > 0, it is leading and if φ < 0, it is lagging relative to cos 2πft.
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V = 1, f = 50Hz
v(t) = cos 2πft
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V = −j

v(t) = sin 2πft
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V = −1− 0.5j = 1.12∠− 153◦

v(t) = − cos 2πft+ 0.5 sin 2πft
= 1.12 cos (2πft− 2.68)

V = X + jY

v(t) = X cos 2πft− Y sin 2πft

Beware minus sign.

V = A∠φ = Aejφ

v(t) = A cos (2πft+ φ)

A phasor represents an entire waveform (en
ompassing all time) as a single


omplex number. We assume the frequen
y, f , is known.

A phasor is not time-varying, so we use a 
apital letter: V .

A waveform is time-varying, so we use a small letter: v(t).

Casio: Pol(X,Y ) → A, φ, Rec(A, φ) → X,Y . Saved → X & Y mems.
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A phasor is a 
omplex number, V , that uniquely de�nes a waveform, v(t), via the mapping V =

Aejφ ←→ v(t) = A cos (2πft+ φ). It is sometimes 
onvenient to give an algebrai
 formula for this.

For the dire
tion V −→ v(t) the mapping is easy:

v(t) = ℜ
(

V ej2πft
)

= 1
2
(V + V ∗) cos 2πft+ 1

2
j (V − V ∗) sin 2πft.

The reverse mapping, V ←− v(t) is a bit more 
ompli
ated and we use a te
hnique that you will also

use in the Maths of Fourier transforms. The mapping is given by

V = 2f

∫ 1

f

0
v(t)e−j2πftdt.

To 
onfrm that this is true, we 
an substitute v(t) = A cos (2πft+ φ) and do the integration:

2f

∫ 1

f

0
v(t)e−j2πftdt = Af

∫ 1

f

0

(

ej(2πft+jφ + e−j2πft−jφ
)

e−j2πftdt

= Af

∫ 1

f

0

(

ejφ + e−j4πft−jφ
)

dt = Aejφ +Afe−jφ

∫ 1

f

0
e−j4πftdt

= Aejφ +
Afe−jφ

−j4πf

[

e−j4πft
] 1

f

0
= Aejφ +

Afe−jφ

−j4πf

(

e−j4π
− 1

)

= Aejφ
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Phasors

V = P + jQ

Waveforms

v(t) = P cosωt−Q sinωt

where ω = 2πf .

aV a× v(t) = aP cosωt− aQ sinωt

V1 + V2 v1(t) + v2(t)

Adding or s
aling is the same for waveforms and phasors.

V̇ = (−ωQ) + j (ωP )
= jω (P + jQ)
= jωV

dv
dt

= −ωP sinωt− ωQ cosωt
= (−ωQ) cosωt− (ωP ) sinωt

Di�erentiating waveforms 
orresponds to multiplying

phasors by jω.

Rotate anti-
lo
kwise 90◦ and s
ale by ω = 2πf .
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Resistor:

v(t) = Ri(t) ⇒ V = RI ⇒ V
I
= R

Indu
tor:

v(t) = L di
dt

⇒ V = jωLI ⇒ V
I
= jωL

Capa
itor:

i(t) = C dv
dt

⇒ I = jωCV ⇒ V
I
= 1

jωC

For all three 
omponents, phasors obey Ohm's law if we use the 
omplex

impedan
es jωL and

1

jωC
as the �resistan
e� of an indu
tor or 
apa
itor.

If all sour
es in a 
ir
uit are sine waves having the same frequen
y, we 
an

do 
ir
uit analysis exa
tly as before by using 
omplex impedan
es.
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Given v = 10 sinωt where ω = 2π × 1000, �nd

vC(t).

(1) Find 
apa
itor 
omplex impedan
e

Z = 1

jωC
= 1

6.28j×10−4 = −1592j

(2) Solve 
ir
uit with phasors

VC = V × Z
R+Z

= −10j × −1592j
1000−1592j

= −4.5− 7.2j = 8.47∠− 122◦

vC = 8.47 cos (ωt− 122◦)
0 0.5 1 1.5 2

-10

0

10

t (ms)

C
R v

v
Cv

R

(3) Draw a phasor diagram showing KVL:

V = −10j
VC = −4.5− 7.2j
VR = V − VC = 4.5− 2.8j = 5.3∠− 32◦

Phasors add like ve
tors
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To solve the problem form the previous slide without using phasors, we de�ne i to be the 
urrent �owing


lo
kwise and use the 
apa
itor equation i = C
dvC
dt

.

From KVL, we have v = vR + vC = iR+ vC .

Di�erentiating and applying the 
apa
itor equation gives

dv
dt

= 10ω cosωt = R di
dt

+ 1
C
i.

We need to �nd the parti
ular integral for the above equation. To do so, we guess that the answer will

be of the form i = A cosωt+B sinωt and substitute it into the equation (multiplied by C).

10Cω cosωt = RC (−Aω sinωt+Bω cosωt) + (A cosωt+B sinωt)

= (A+RCBω) cosωt+ (B −RCAω) sinωt

whi
h gives two siultaneous equations: A + RCωB = 10Cω and −RCωA + B = 0. Substituting

values for R, C and ω gives A+0.628B = 0.00628 and −0.628A+B = 0. Solving these simultaneous

equations gives A = 4.5mA and B = 2.8mA.

The resistor voltage is therefore vR = iR = 4.5 cosωt + 2.8 sinωt and therefore, from KVL, the


apa
itor votage is vC = v − vR = −4.5 cosωt+ 7.2 sinωt.

Thus we get the same answer as using phasors but with more work even for a simple 
ir
uit like this.

For more 
ompli
ated 
ir
uits the di�eren
e is mu
h mu
h bigger.
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Capa
itors: i = C dv
dt

⇒ I leads V

Indu
tors: v = L di
dt

⇒ V leads I

Mnemoni
: CIVIL = �In a 
apa
itor I lead V but V leads I in an indu
tor�.

COMPLEX ARITHMETIC TRICKS:

(1) j × j = −j ×−j = −1

(2)

1

j
= −j

(3) a+ jb = r∠θ = rejθ

where r =
√
a2 + b2 and θ = arctan b

a

(±180◦ if a < 0)

(4) r∠θ = rejθ = (r cos θ) + j (r sin θ)

(5) a∠θ × b∠φ = ab∠ (θ + φ) and a∠θ
b∠φ

= a
b
∠ (θ − φ).

Multipli
ation and division are mu
h easier in polar form.

(6) All s
ienti�
 
al
ulators will 
onvert re
tangular to/from polar form.

Casio fx-991 (available in all exams ex
ept Maths) will do 
omplex

arithmeti
 (+,−,×,÷, x2, 1

x
, |x|, x∗) in CMPLX mode.

Learn how to use this: it will save lots of time and errors.
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For any network (resistors+
apa
itors+indu
tors):

(1) Impedan
e = Resistan
e + j× Rea
tan
e

Z = R+ jX (Ω)

|Z|2 = R2 +X2
∠Z = arctan X

R

(2) Admittan
e =

1

Impedance

= Condu
tan
e + j× Sus
eptan
e

Y = 1

Z
= G+ jB Siemens (S)

|Y |2 = 1

|Z|2
= G2 +B2

∠Y = −∠Z = arctan B
G

Note:

Y = G+ jB = 1

Z
= 1

R+jX
= R

R2+X2 + j −X
R2+X2

So G = R
R2+X2 = R

|Z|2

B = −X
R2+X2 = −X

|Z|2

Beware: G 6= 1

R

unless X = 0.
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• Sine waves are the only bounded signals whose shape is un
hanged by

di�erentiation.

• Think of a sine wave as the proje
tion of a rotating rod onto the

horizontal (or real) axis.

◦ A phasor is a 
omplex number representing the length and position

of the rod at time t = 0.

◦ If V = a+ jb = r∠θ = rejθ, then

v(t) = a cosωt− b sinωt = r cos (ωt+ θ) = ℜ
(

V ejωt
)

◦ The angular frequen
y ω = 2πf is assumed known.

• If all sour
es in a linear 
ir
uit are sine waves having the same

frequen
y, we 
an use phasors for 
ir
uit analysis:

◦ Use 
omplex impedan
es: jωL and

1

jωC

◦ Mnemoni
: CIVIL tells you whether I leads V or vi
e versa

(�leads� means �rea
hes its peak before�).

◦ Phasors eliminate time from equations ,, 
onverts simultaneous

di�erential equations into simultaneous linear equations ,,,.

◦ Needs 
omplex numbers / but worth it.

See Hayt Ch 10 or Irwin Ch 8
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