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A quadratic factor in a transfer function is: F(jw) = a (jw)> + b (jw) + c.

Case 1: If b2 > 4ac then we can factorize it:

F(jw) = a(jw — p1)(jw — p2)
—b+vb2—4ac
2a .
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Case 2: If b2 < 4ac, we cannot factorize with real coefficients so we leave it
as a quadratic. Sometimes called a quadratic resonance.

Any polynomial with real coefficients can be factored into linear and
quadratic factors = a quadratic factor is as complicated as it gets.
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[Derivation of Transfer Function]

KCL at V gives 2R

3R
S B S
VX 4 jwCV + Y=Y =0 = 3(V - X) +6jwRCV +2(V-Y)=0 e e

= (5+6jwRC)V = 3X +2Y.

KCL at Y gives

Yt +jwCY =0 = (1+3jwRC)Y =V.

Eliminating V' beween these two equations gives

(5+ 6jwRC) (1 + 3jwRC)Y = 3X +2Y

(5 + 21jwRC + 18 (jwRC)? — ) Y =3X

_ 3 _ 1 _ 1
= X " 3421jwRCH+18(jwRC)? = 14+7jwRC+6(jwRC)?2 =~ (14+6jwRC)(14+jwRC) "

At high frequencies, the impedance of the capacitor is much less than 3R so we can think of the circuit
as two potential dividers one after the other (i.e. the current through the 3R is negligible compared
to the current throught the first C'). The high frequency asymptote is therefore the product of the
asymptotes for the two potential dividers which gives % R 5 wRC’ X 33w1RC =

6(ijC’)2
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Suppose b2 < dac in F(jw) = a (jw)” + b (jw) + c.

Low/High freq asymptotes: Frr(jw) =¢, Fur(jw) =a (jcu)2

The asymptote magnitudes cross at the corner frequency:

‘a(jwc)Q‘ = |c| = we. = (/<.

a

_ bwe _ bsgn(a)

We define the damping factor, “zeta”, to be ( = 52— = %= = N

= F(jw) = ¢ ((jw%)Q r(iz) ¢ 1)

Properties to notice in this expression:
(a) cis just an overall scale factor.
(b) we just scales the frequency axis since F'(jw) is a function of .
(c) The shape of the F(jw) graphs is determined entirely by ¢.
(d) The quadratic cannot be factorized < b* < 4ac < [(] < 1.
(e) At w = w,, asymptote gain = ¢ but F(jw) = ¢ x 2j5(.

Alternatively, we sometimes use the quality factor, () ~ % — a—%’C.
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Power absorbed by resistor oc Y2. It peaks quite
sharply at w = 1000. The resonant frequency, w,.,
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Large currents in L and C' exactly cancel out = I = I and Z = R (real)
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Most current now flows through C, only 0.11 through R.
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Also called half-power bandwidth or 3dB —
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Bandwidth: B = 1086 — 920 = 167 rad/s.
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Absorbed Power =uv(t)i(t):
Pr, and Pg opposite and > Pg.
Stored Energy = %Lz% + %C’y2:
sloshes between L and C.
Q= w x Wetored + Pr
= wx XC|IR|® + L |I|? R= wRC
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() = wx peak stored energy = average power loss.
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[Derivation of Power and Energy Waveforms]

The input current is a phasor I =1 (i.e. i(t) = coswt where w = 1000rad/s).

The complex impedances are Z; = jwL = 10052 and Z¢o = jw% = —10075 2. Using the formula for
parallel impedances, the total impedance satisfies % = 630 + 1010j + _1](')0j = 6(1)0.

frequency, the impedances of L and C cancel out and the total impedance is just Z = 600 (2.

So, at the resonant

The voltage phasor across the three passive componentsis V =17 =1 x 600 = 600 V. The waveform
corresponding to this phasor is v(t) = 600 coswt and is plotted in the upper right graph. From knowing

V', we can use Ohm’'s law to work out the individual current phasors in the three components as
_ V. _ 600 __ _ V. _ 600  _ o _ V. _ 600 _ _a-
Ir = 5 =506 =1 lc = 7o = Ti00] — 67 and I, = Zr = 100 — 67. The waveforms

corresponding to these three phasors are plotted in the upper left graph.

Multiplying phasors together doesn’t directly give the correct result and so we calculate the power
waveforms directly by multiplying v(¢) x i(¢). For the resistor, V' = 600 and I = 1, so pgr(t) =
600 cos wt X coswt = 600 cos? wt = 300 + 300 cos 2wt. For the inductor, V = 600 and I} = —67, so
pr(t) = 600 coswt X 6sinwt = 3600 sin wt coswt = 1800 sin 2wt. Finally, for the capacitor, V' = 600
and I, = 467, so pr(t) = 600 coswt X —6sinwt = —3600 sin wt coswt = —1800sin 2wt. These are
plotted in the lower left graph.

The energy stored in an inductor is wp(t) = %Lz’Q(t) = % x 0.1 x 36sin?wt = 1.8sin?wt =
0.9 (1 — cos2wt). The energy stored in a capacitor is wo(t) = %C’U2(t) = % X 1072 x 6002 cos? wt =

1.8 cos? wt = 0.9 (1 + cos 2wt). These are plotted in the lower right graph. The total stored energy in
the circuit is wr, (t) + we (t) = 1.8 J which does not vary with time.
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Magntitude Plot:
Small { = less loss, higher peak, smaller bandwidth.
Large ¢ more loss, smaller peak at a lower

Phase Plot:
Small ( = fast phase change: 7 over 2( decades.
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w, larger bandwidth.
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Y __ 1 — 1 L R Y
X . 2 . - . ow \2 . w
LCGw)"+ ROjw+1 (422) +2¢i e +1 X1 [ 100m e
— c _ bwc _ i T __IOM
we = /5 = 1000, ¢ = 2awc = 2c 200 R
Y _
+ is a function of = so w, just scales frequency axis (= shift on log axis).

The damping factor ¢, ("zeta") determines the shape of the peak.

Peak frequency: 30 090, 2545
— , 14dB
Wp = wey/1 — 2(? 3 % 906, 5dB
¢ > 0.5 = passes under corner, < 10 2.4
¢ > 0.71 = no peak, = 0
¢ > 1 = can factorize 105708 09 1 12 14
w (krad/s)
- - . . 1 C 1
Gain relative to asymptote: O w,y: i O w,: 5¢ Q

Three frequencies: w,= peak, w.= asymptotes cross, w,= real impedance
For ( < 0.3, wp, = w. =~ w,. All get called the resonant frequency.

The exact relationship between w,,, w. and w, and the gain at these
frequencies is affected by any other corner frequencies in the response.
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> Summary

e Resonance is a peak in energy absorption

O

O

©)

Parallel or series circuit has a real impedance at w,
> peak response may be at a slightly different frequency
The quality factor, (), of the resonance is

& woxstored energy __ wo 1
~ powerin k" 3 dBbandwidth ~ ¢

3 dB bandwidth is where power falls by % or voltage by %

The stored energy sloshes between L and C

N2 |
e Quadratic factor: (Z}—“) + 2¢ (*Zd—w> +1

O

a(jw) +b(jw)+¢ = w.= V< and (= ﬁ = ngTn;Z)
+40 dB/decade slope change in magnitude response
phase changes rapidly by 180° over w = 10T w,

Gain error in asymptote is % ~ @ at wy

For further details see Hayt Ch 16 or Irwin Ch 12.
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